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INTRODUCTION 



Background 

In September, 1960, the Cleveland Public Schools in 
cooperation with the Ohio Department of Education, Di- 
vision of Special Education began a demonstration project 
in junior high school mathematics for academically tal- 
ented students. This mathematics demonstration project 
was designed to go beyond homogeneous grouping and 
classroom enrichment. An accelerated program was begun 
in the seventh grade by combining the seventh and eighth 
grade programs into one year. Algebra I and II was in- 
troduced to these academically talented students in the 
eighth grade, and a combined plane and solid geometry 
course was introduced in the ninth grade. By accelerating 
the academically talented students in the junior high 
school, the opportunity to take an additional three semes- 
ters of college preparatory mathematics would be avail- 
able to these students in the high school. 

After three years, the Cleveland Public Schools have 
had an opportunity to evaluate the program both objec- 
tively and subjectively. The objective evaluation has been 
done through the use of various standardized tests given 
to the accelerates, the best regular classes at each grade 
level, and the regular classes at each grade level. 
In almost all cases the accelerates scored as well as 
or better than the groups with which they were compared 
on the standardized tests. It should be remembered that 
the accelerated students are at least six months to one 
and one-half years younger chronologically than the com- 
parison groups in the regular curriculum. 

A subjective evaluation was made by questioning ad- 
ministrators, counselors, teachers, and pupils. The general 
concensus of opinion of these people was that the program 



has been highly successful and should remain a part of 
the junior high school curriculum, however it should be 
sufficiently flexible to meet the changing needs of the 
school and the pupils involved. 

Suggestions for Using the Guide 

This teachers’ guide contains materials for a unified 
and accelerated plane and solid geometry course. These 
materials are presented in such a way that they can be 
easily adapted and modified to meet the needs of most 
plane and/or solid geometry classes. The suggestions and 
supplementary references found in each unit should be a 
valuable aid to the geometry teacher in a regular or ac- 
celerated class. 

This guide has been written with the unifying concept 
of mathematical structure in mind. Therefore, the subject 
matter cannot be taught in the usual segmented fashion. 
Because this guide does not follow any one textbook, the 
geometry teacher should become familiar with the entire 
guide before attempting to use it. It is also recommended 
that the teacher review the materials in the accelerated 
seventh grade Mathematics and eighth grade Algebra 
courses so that the geometry course content can be inte- 
grated into the total program. 

It is our hope that this guide can be adapte-d or modi- 
fied to meet the needs of both the experienced and in- 
experienced teacher and thereby lead to the improvement 
of the secondary school mathematics program. 

ARTHUR R. GIBSON 

Education Specialist 

Programs for the Gifted 
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SEMESTER I 



Unit I 


Basic Concepts 


13 sessions 


Unit II 


Methods of Reasoning 


16 sessions 


Unit III 


Triangles 


16 sessions 


Unit J}J 


Perpendicular Lines and Planes 


10 sessions 




Parallel Lines and Planes 




Unit V 


Polygons and Polyhedrons 


20 sessions 


Unit VI 


Inequalities 


10 sessions 


Unit VII 


Ratio and Proportion 


5 sessions 




SEMESTER II 




Unit VIII 


Similar Polygons 


14 sessions 


Unit IX 


Circles and Spheres 


22 sessions 


Unit X 


Geometric Constructions 


5 sessions 


Unit XI 


Locus 


9 sessions 


Unit XII 


Coordinate Geometry 


10 sessions 


Unit XIII 


Areas of Polygons and Circles 


9 sessions 



Unit XIV Geometric Solids “ Areas and Volumes 10 sessions 

Unit XV Spherical Geometry 9 sessions 



Two sessions of the second semester are 
allotted to the administration of the 
standardized tests „ 












UNIT I 




BASIC CONCEPTS 



13 Sessions 
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I - Basic Concepts (13 sessions) 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY > SYMBOLISM 



SET THEORY 



set 



To reinforce the con- 
cept of set notation 



A set is a collection of objects, 

A = {a, b, ci 

The symbol (j is read, "the set of". 



universal set A universal set is an appropriate set con- 
taining all the elements under consideration. 



element (member ) Each object in the set is called an element 

of the set. 



The symbol £ is read "is an element of". 
Read b e A as "b is an element of set A", 



subset 



Given two sets X and Y, where every element of X ia 
also an element of Y, X is a subset of Y. 



X = {l, m, rl 



Y = (j, k, 1, ra} 



The symbol C is read "is a subset of". 
Read X C Y as "X is a subset of Y", 




disjoint sets Disjoint sef^are sets which have no elements 

in common, ' 






X =s 
Y = 



1, m, r} 
n, o, p, q] 



X and Y are disjoint sets. 



null set ( empty set ) The set with no elements in it is called 

the null set (empty set). 



The null set is usually designated by 
the symbol 0, { } , or^V , 



The symbol 0 is preferred. 



e,g. The set of girls playing baseball 
for the Cleveland Indians ■» 0. 
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Unit I - Basic Concepts 



REFERENCES 



C (5-7) 

E (5-8) 

F (1 - 11) 



SUGGESTIONS 



A brief review of set theory should be sufficient. The past 
experience of the class should determine the extent of the 
review necessary. 





Unit I - Basic Concepts 



TOPICS AND OBJECTIVES 
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CONCEPTS, VOCABULARY, SYMBOLISM 



I infinite set 



An infinite set is a set whose members cannot 
be counted,, 



e,g. The set of positive odd integers. 



A = ll, 3, 5, 7 



9 0 



• .i 



finite set 



A finite set is a set whose members can be 
counted even though the count may be very great, 



e„g„ The set of even integers between 10 and 16 

B = {12, Uj 

e„go The set of grains of sand on Miami Beach 



intersection 



Given sets A and B where A = 

B = 



3y 6, 9j 

8 , 10 , 12 } 



A n B = {l2'j 



The intersection is the set consisting of all 
the elements common to both sets. 



A n B is read ‘*the intersection of A and B'*, 



union 



Given sets A and B where A =s 

B = 
A U B = 



3o 6, 9, 12j 
8 , 10 . 12 } 

3 . 6 , 8 , 9 , 10 , 12 ) 



The union of A and B is the set consisting of all the 
elements of A and all the elements of B, 



A U B is read ^'the union of A and B”, 


















1, 3» 5, 7, . . , should be read "I, 3, 5, 7, and so on". 
^ not use the word "indefinitely" when referring to the 
infinite. 



Webster defines indefinite as "undetermined, unmeasured or 
unmeasurable p though not infinite". 

He defines infinite as "without limits of any kind, boundless, 
greater than any assignable quantity of the same kind". 
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Unit I ~ Basic Concepts 






TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



UNDEFINED TERMS 



To clarify the 
undefined terms 
point, line, plane, 
space 



point 



n< 



plane 



space 



10 



A point has no dimensions, only an exact position in 
space. 

A point is usually represented by a dot (the smaller, 
the better) and is referred to by a capital letter. 



A line is an infinite set of points. 

A line has neither width nor depth, only length, 

A line is infinite in length, having no end points. 
Unless otherwise stated, a line should be interpreted 
as being a straight line. 

A line is usually referred to by a single lower case 
letter placed near the Tine or by the letters of two 
points in the line. 



m 



B 



A plane is an infinite set of points, 

A plane has length and width but no depth, 

A plane has the property of being a surface such that 
a line connecting anv two points in its surface lies 
completely in the surface. This makes the plane 
infinite because of the line being infinite. 

The plane is referred to by a single letter— capital 
or lower case. 

A line is a subset of a plane. 




Space is the set of all possible points. 
Space has length, width, and depth, 

A plane is a subset of space. 



i 








I 



A 

C 

D 

E 

F 



REFERENCES 



SUGGESTIONS 



TTv^*4^ T » Pq f»4 ^ o 

WAXJUW CObOXV WXA\#V>^ wg 



(31 - 32 ) 

( 6 ) 

( 15 ) 

( 4 ) 

( 22 ) 



What makes a good definition? 

A definition which identifies the word as a member of a set 
of certain words and distinguishes it from other members of 
the set, 

A definition is reversible. 

Example: A pencil is a writing instrument (member of set) 

using a piece of cylindrical graphite usually 
encased in wood (distinguishes it from other 
writing instruments). 



This definition may be reversed as: 

A writing instrument using a piece of cylindrical 
graphite usually encased in wood, is a pencil^ 



Definitions involving such words as point . line , plane , and 
space may not be satisfactorily reversed. 




Ask the class why a cylindrical surface cannot be considered 
as a plane, 

A cylindrical surface does not meet the requirements of a 
plane since a line connecting any two points does not 
necessarily lie wholly in the surface. 

Note that in the figure at the right, 
the line connecting points A and B 
lies entirely in the surface. 

However, the line connecting points 
A and C does not lie in the surface 
of the cylinder. 




A good assignment following a discussion of undefined terms, 
particularly with reference to the infinite, is to have pupils 
write a paper on "What I Think Infinity Is”, The report need 
not be restricted to mathematical implications. 



Emphasize that points, lines, and planes are abstract images 
and drawings are merely representations of these abstractions. 
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Unit I - Basic Concepts 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



DEFINED TERMS 



? 

i 



To develop a vocabulary 
of basic concepts 



distinct points Consider any point A and any p/oint B different 

from A„ A and B are distinct points. 



I 



betweenness of points Consider A, B, and C as three distinct 



points in the same line, B is between 
A and C if AB + BC » AC, 



of a line, 

A line segment consists of two distinct points, 
A and B, and all the points between them, 

A and B are called the end points. 



distance between the end points. 

Note; The word distance is undefined. 
Do not use bars or arrows when 
showing the length of a line segment. 



Two line segments are equal if they 
have the same length (measure). 



AC if B lies between A and C such 
that AB = BC, 

A midpoint is said to bisect a line 
segment. 

Every line segment has one and only 
one midpoint. 




B 



C 



line segment Line segment AB, designated as AB, is a subset 



length of a line segment The length of a line segment is the 



e,g, AB = 5^ inches 



bisect To bisect means to divide into two equal parts. 



midpoint of a line segment B is the midpoint of line segment 



12 



Unit I ~ Basic Concepts 




{: 



c 

D 



REFERENCES 



SUC5GESTI0NS 



(7 - 6) 



It is recommended that pupils keep a notebook for the purpose 
relating new vocabulary and symbolism to conceptual material. 



(16 - 17) 



of 



E (10 - 11, 13) 

F (26 - 30) 



Distance implies the shortest distance between two points which, 
in a plane, is assumed to be a straight line. 

In the original Euclid, the concept of distance was undefined. 
Some present day authors define distance, particul«.,.*ly the 
distance between two points, as the measure of the line segment 

Joining the two points. ^ 

Measure is defined as the number of units of a particular unit 
of measure contained in a line segment. 

••measure of AB” is written m(AB), 

Essentially, there is no difference between: 
the length of AB, written AB and 
the measure of AB, written m(AB). 

In this guide, AB will refer to both the segment AB and the 
measure of AB. 
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Unit I - ’Basic Concepts 



TOPICS AND OBJECTIVES 



CONCEPTSp VOCABULARY 0 SYMBOLISM 



cpllinear points A set of points all of which lie in the same 

line are called collinear points. 



half-line 



Line m is composed of an infinite set of points. 
Point A in the line divides the line into three 
disjoint subsets. 

Set X = {a] 

Set Y — all the points in the half- line in which 
C lies 

Set Z « all the points in the half- line in which 
B lies 



B 



A 



m 



rar 



Airy point in a line separates the line into two half- 
lines , neither of which includes the given point. The 
union of the point and one of the half- lines is called 
a ray, 

A is the end point or origin of the ray and B is any 
other point in the ray. 

The ray is referred to by the symbol AB, 

B? refers to the ray whose origin is at ^ and A is any 
other point in the ray. 



' 77 ^ 



BA is not the same as AB 

ray AB (AB^) ^ 

^ A 



J- 



ray BA (BA^) 



B 
— 0 



opposite ravs Rays YX and YZ are said to be opposite if 

points X, Y, and Z are collinear and Y lies 
between X and Z, 



X 
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Unit I - Basic Concepts 



REFERENCES 



SUGGESTIONS 





Unit I - Basic Concepts 
TOPICS AND OBJECTP/ES 



half-plane 



UUl^UJCiriQr 



^ A ^TTT a ^ V 

VUOHDUJjAni < 



SihnuLISH 



A line separates a plane into two half-planes, 

A plane, the universal set, is an infinite set of 
points. 

Line r divides the plane into three disjoint 
subset So 




Set L *■ all the points in the half-plane in i^hich 
B lies 

Set M = all the points in the half-plane in which 
C lies 
Set N = [r] 



16 
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The line is referred to as the edge of each 
half- plane,, 

r divides P into two half-planes, 
r is the edge of each half- plane, 

A and B lie in the same half- plane and on the 
same side of r, 

B and C lie in different half-planes and on 
opposite sides of r, 

half- space Space is the set of all possible points. 

Plane P divides space into three disjoint subsets. 

Set E = all the points in the half- space in which 
A lies 

Set F = all the points in the half- space in which 
B lies 

Set G =s all the points in P ,A 





REFERENCES 



Unit I 



- Basic Concents 



SUGGESTIONS 



Note that while a line is an edge of infinitely many half- planes, 
a plane is a face of only two half-spaces. 



I 



M 
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^"'^' ^ q 



Unit I - Basic Concepts 

TOPICS AND OBJECTIVES CONCEPTS, VOCABULARY, SYMBOLISM 



DETERMINING POINTS, 

LINES, AND PLANES determining a point A point is determined by: 



To develop an under- 
standing of the 
conditions necessary 
to determine a point, 
a line, and a plane 



1, two intersecting lines. 

Set A = all the points in m 
Set B = all the points in n 

An B = {Hj 




2« the 

Set 

Set 

xn 

determining 



intersection of a line and 

X = all the points in n 
Y — all the points in P 

y = {Rj 




a line A line is determined by: 



Ic 



two intersecting planes. 

Set A =* all the points in 
Set B 5« all the points in 

A n 3 =s all the points in 




2o two distinct pointSc 
determining a plane A plane is determined by: 
lo three non-collinear points. 




2c two intersecting lines. 
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SUGGESTIONS 
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A (89) 

B (13 “ U) 

C (45) 



Unit I - Basic Concepts 



The intersection of any two geometric figures is the set of 
all the points common to both„ 

"•Determine” means to fix the location of and to limit to a 
specific number. 



D (188 - 190) 



E (41) 

F (105 - 106) 



Three non^-collinear points determine a plane. 

This can be demonstrated by having three pupils each hold a 
pencil with the point up. 

Place a book or other flat surface on it. 

Why is a stool witn three legs al\^ys stable but a stool with 
four legs sometimes not? 

Because three non-collinear points determine one plane, but 
four non-collinear points determine three planes. 

Another way to say "‘two intersecting lines determine a plane” is 
”if two lines intersect, one and only one plane contains both 
these lines.” 
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Unit I - Basic Concepts 



TOPICS AND OBJECTIVES 



CONCEPTS^ VOCABULARY, SYMBOLISM 



ANGLES 



3o a line and a point not in the line* 



To develop an under- 
standing of the 
vocabulary related to 
angles 



angle An angle is the xmion of two rays with a common end 
point* 

The symbol for angle is 
The symbol for angles is /s* 




The rays BA and BC are called the sides of angle ABC* 

The intersection of BA and BC is the point B, called 
the vertex of the angle* 

Three points in the angle are labeled so that the 
point at the vertex is listed in the middle* 

The interior of /ABC is th e intersection of the sets 
of points of the A-side of BC and the C^side of BA^ 



[ 

f 

U 

J 






i 



The exterior of /ABC is the set of all the points in 
the plane not in the rays of the angle nor in the 
interior of the angle* 

measure of an angle 




The measure of an angle depends upon the 
amount of rotation of a ray about its end 
point* 

The unit of measure used in this course 
is degree* , 

A degree is defined as of a complete 

rotation of a ray about its end point* 

^ of a degree, 60 minutes = 1 degree 

of a minute; 60 seconds * 1 minute 











Unit I Basic Concepts 



REFERENCES 



SUGGESTIONS 



Let a sheet of notebook paper represent 
Fold the paper in a sharp crease. 

Would this represent two planes which 
Is the intersection a straight line? 
Must two planes intersect each other? 
Can they be parallel? Yes, 

Can they be skew? Noo 



a plane, 

intersect? 

Yes, 

No. 



Yes. 



A (9 - 17, 39 - 45) 

C (22 - 32) 

D (33 - 39) 

E (18 - 23) 

F (30 - 36, 

123 - 131) 



Where there is no chance for confusion, an angle may be denoted 
by a single letter at its vertex. 

However, an angle should never be denoted by one letter where 
two or more angles have the same vertex. 

If the angle in the figure below were called /B, it could 
mean: 

/DBE, 

2eBF, or 

2dbf 

/DBE =* J\ 

2eBF = j2 

B F 




Review the use of the protractor. 

Mention radian measure. Pi radians equal 180 degrees. 



CONCEPTS, VOCABULARY „ SYMBOLISM 



Unit I “ Basic Concepts 



TOPICS AND OBJECTIVES 


CONCEPTS, VOCABULARY, SYMBOLISM 


ANGLE CLASSIFICATION 


betweenness of rays OB^ is said to lie between OA^ anrf if. 

lo all three rays have a common end 
point, 

2o OB^lies so that /AOB + /BOC « JJiOC* 

! 

bisector of an angle OB^ is said to blse^^t £ACiC. t f • 

lo OB^ lies between OA^ and OcT 
2o lAOB = /BOC. 


To develop the ability 
to classify angles 
according to size 


right angle A right angle is formed bv a rav maWing one- fnnr.+h 

of a complete rotation. 

Its measure is one- fourth of a complete rotation, 
or one- fourth of 360 degrees, 
or 90 degrees, 

perpendicular lines Perpendicular lines are lines that meet 

so as to form right angles. 

The distance from a point to a line is 

the length of the perpendicular from the ' 

point to the line. 

The distance from a point to a plane is , 

the length of the perpendicular from the 
point to the plane. 


22 


straight angle A straight angle is an angle whose sides are 

opposite rays. 

Its measure is one‘-half of a complete rotation, 
or one- half of 360 degrees, 
or 180 aegrees. 


o 

ERIC 
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Unit I - Basic Concepta 



SUGGESTIONS 



Mention perpendicular lines in conjunction with right angles 
and again in conjunction with adjacent angles. 

Stress both definitions. 

Also demonstrate that the following relations exist: 



'A 






B 






rrt 



•B 

\1/ 



B 



D 



BA^ J_ BC 



^ Jl ^ 



^ JL 
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Unit I ° Basic Concepts 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



acute angle 



An acute angle is an angle whose measure is > 0 
degrees and < 90 degrees „ 



obtuse angle An obtuse angle is an angle whose measure is 
> 90 degrees and < 180 degrees „ 



reflex angle A reflex angle is an angle whose measure is 
> 180 degrees o 



To develop the ability 
to classify angles 
according to their 
relationships with 
one another 



equal angles Equal angles are angles whose measures are the 



same 



ad.jacent angles Adjacent angles are two angles with the same 

vertex and a common ray between them. 



Perpendicular lines are two lines that meet 
to form equal adjacent angles „ 



supi smentary angles 



Supplementary angles are two angles the 
simi of whose measures is 180° „ 

Each angle is called the supplement of 
the othero 
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If the exterior sides of two adjacent 
angles are opposite rays, the angles 
are supplementary „ 



complementary angles 



Complementary angles are two angles the 
sum of whose measures is 90° o 
Each angle is the compel ement of the 
other^ 

Angles need not be adjacent to be 
complementary or supplementary., 






c 
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REFERENCES 



SUGGESTIONS 



Mention reflex angle So 

The region which is the interior of a reflex angle can be 
distinguished by a curved arrowo 




CONCEPTS, VOCABULARY, SYMBOLISM 



Unit I ” Basic Concepts 



TOPICS AND OBJECTIVES 



DIHEDRAL ANGLES 



To develop an imder- 
standing of the 
concept of dihedral 
angles as the spatial 
extension of plane 
angles 



dihedral angle A dihedral angle is the union of two half- planes 

with a common edge„ 

Each half- plane is called a face of the dihedral 
angle o 

The common edge is called the edge of the 
dihedral angle„ 

A dihedral angle is named by naming a point in 
one face, the edge, and then a point in the 
other face. 



Dihedral angle 
Y R— ST“ V 
or 

V-ST-R 



plane angle of a dihedral angle The plane angle of a dihedral 

angle is formed by two rays, one in each face 
of the dihedral angle, and perpendicular to 
the edge at the same point. 

The measure of the dihedral angle is the same 
as the measure of the plane angle, 

/I'lPQ is the plane angle and the measure of the 
dihedral angle R-ST-V„ 




1 






PERSPECTIVE DRAWING 

To develop the ability 
to use perspective in 
representing figures 
in space 




:( 



B 

D 

E 

F 



Unit I ~ Basic Cone ept s 



REFERENCES 



SUGGESTIONS 



(50 - 51) 
(191 - m) 
(79 - 81) 
(40) 



Is it possible to apply the concepts learned about plane anrles 
to dihedral angles? 



Dihedral angles can be classified according to size and 
according to their relationships with one another, using 
the same classifications as plane angles „ 

The side of a plane angle becomes the face of a dihedral angle. 
The vertex of a plane angle becomes the edge of a dihedral 
angle. 



t 



Betweenness of planes (with regard to dihedral angles) 

In the figure below, plane F is said to lie between 
plane G and plane H, if" 

lo all three planes have a common edge 
2. dihedral angle G-VW-F + dihedral angle F-VW-K 
dihedral angle G-VW'^H^ 




Bisec tor of a dihedral angle Plane F is said to bisect 
dihedral angle G-VW-H if: 

Ic F lies between G and H 

2. dihedral angle G>^VW-F = dihedral angle F-VW-H„ 



B (5 - 10) 

E (insert between 

pp. 184 and 185) 



Most pupils have had little, if any, practice in making 
perspective drawings of solid figures. A day spent in 
illustrating perspective techniques will be of invaluable 
aid to future work. 



F (insert between 
pp. 32 nd 33 



G (8-9) 
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REFERENCES 



Unit II - Methods of Reasoninf^ 



SUGGESTIONS 



A 

D 

E 

F 



(28 - 30 ) 
(2 - 11 ) 
(51 - 56 ) 



(53 - 57 , 
82 - 83 ) 



er|c 



In each of the following experiments, use inductive reasoning 
to arrive at a conclusion^ 



lo Draw a triangle,, 

a. Measure the angles with a protractor,, 
bo Add the results „ 



2 . 

3 , 



Follow the same procedure with a quadrilateral. 



Draw a, triangle., 

a. Connect each vertex with the midpoint oi the opr.oG .te 
sideo 



4 . 

5c 



Draw a triangle with two equal sideSo 
a. Measure the angles opposite those sides. 



Find the sum of the first n positive integers using the 

« , „ n(n + l) 

formula S = 

a„ Evaluate for S when n = 4, 5; 6, 8, and 10, 



Use optical illusions to show that things are not alv/ays what 
they appear to be to the eye„ 



Experiments in inciactive reasoning. Are the conclusions 
justified? 



1. Each of six collie dogs Ann has seen has been vicious, 
Ann concludes all collies are vicious. 



Mrs. Blake will no longer patronize the corner grocery 
because last week she bought a bag of potatoes marked ten 
pounds, but which actually weighed only nine pounds. 



3 , 



All the pupils in this ^reometry class like ice cream. 
Therefore, all pupils studying geometzy like ice cream. 



Jean's hair has natural- looking deep waves. If you use 
Jean’s shampoo, your hair wii.* be wavy, too. 



Since the beginning of professional baseball, no team has 
ever won the pennant without at least one .300 hitter. 

Since Cleveland has no .300 hitters, the team has no chance 
for the pennant. (Assume Cleveland has no .300 hitters.) 
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Un.it. II - Methods of Reasoning 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



DEDUCTIVE REASONING 

To clarify deductive 
reasoning as a method 
of proof 

To relate deductive 
reasoning to the 
traditional methods 
of geometric proof 



ERIC 




deductive reasoning 



Deductive reasoning is the method of 
reasoning by which conclusions are arrived 
at from accepted statement s^ 



syllogism A sy.MogivSm is an argument made up of three 
statement sr. 



1„ Major premise 
2o Minor premise 
statement 
3o Conclusion 

Or, in set notation.; 

lo AC B 
2o X € A 

3o X €. B 

Or, represented in a Venn diagram: 



an accepted general statement 
a specific or particular 




Essentially Venn diagrams are the same as 
Euler's circles. 




REFERENCES 



6 . 



Unit II Methods of Reasonin g 

SUGGESTIONS 



It has rained on every Halloween day for the past four years.. 
This year, it certainly will rain on that day. 



7o Every time 2+2 has been added, since the dawning of 
creation, the sum has been 4. It is, therefore, an 
indisputable fact. 



cannot be definitely stated which of the above 
conclusions are justified and which are not, it seems 
prudent to say that the justification for any conclusion 
is directly proportional to the number of examples 
examined. There are no foolproof rules for induction. 

Especially important to the understanding of inductive 
reasoning is example No, 7o 2 + 2*4 and other sinular 
basic "facts” are inductively arrived at through co^mt- 
less trials. Inductive assumptions such as these a re the 
basis for deductive reasoning . Because of the inherent 
weakness of inductive reasoning, we cannot be absolutely 
sure of any conclusion reached inductively. For 
practicality as well as for convenience, we accept 
such "facts". 



A (196 - 198) 

D (51 - 59) 



E (56 - 59) 

F (87 - 90) 



Shute, W, G, , Shirk, 

W, W, , and Porter, G, F, 
Supplement to Plane 
Geometry , (34-431 



\ 

, 






The construction of a Venn diagram for each syllogism will aid 
in the r^^cognition and prevention of invalid reasonings 




Unit II - Methods of Reasoning 
TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 




Uniu II 



REFERENCES 



Examples of dyllogisma ( i . 



SUGGESTIONS 



K&jor premise 



3. Conclasion) 

A, 1, All widget-s are gadgets „ 

2, This glimpf is a widget , 

This glimpf IS a gadget. 



In set notation 

1, widgets C gadgets 

2, this glimpf :C widgets 
3o this glimpf c gadgets 



Methods of Reasoning 



2^ Minor premise 



In a Venn diagram 




Bo lo All academically talented pupils study combined plane 
and solid geometry., 

2o We are academically talented pupils . 

3o V/e are studying combined plane and solid peometryo 

Co lo All composite niunbers can be factored. 

2o 39^93,630 is a composlce rromber, 

3o 3 9^93 9 630 IS factor able o 

Have pupils bring in examples of syllogisms. Another possibility 
is to make syllogisms with one of the three statements missing 
and require the class to supply the missing statement » 

Ao 1. 

2., MTo Beasley is a mailman, 

3o Mr. Beasley has sore ieet. 

B. 1. All medicines on this shelf are poison. 

2 „ 

3r This bottle of medicine is poisono 




Unit II ° Methods of Reasoning 



TOPICS AND OBJECTIVES 



CONCEPTS^ VOCABULARY, SYMBOLISM 



The deductive process used to arrive at the conclusion of 
syllogism is either valid or invalid « 



a 



If both the major and minor premise are assumed to be true, 
a true conclusion will result from valid reasoning and a 
false conclusion will result fr-om invalid reasoningo 

If either the major or minor premise is false or if both are 
false, valid reasoning could result in either a true or 
false conclusion! 



if-then statements Deductive reasoning is the process of 

drawing valid conclusions from accepted 
statement So 

Every statement that we prove can be stated 
in the ’'if-then'* form.. 

hypothesis (Hypo) The clause following the word "if” of a 

statement in the "if-then" form is called 
the hypothesis of the statement o 

conclusion (CoUo) The clause following the word "then" of a 

statement in the "if-then" form is called 
the conclusion of the stateroento 



f 



REFERENCES 



Unit II ~ Methods of Reasoning 

SUGGESTIONS 



Example of an invalid svllogiam ° 



Ic Major premise 
2o Minor premise 
3o Conclusion 



lo All cats have fur coats 
2o MrSo John Doe has a fur 
coat. 

3o MrSo John Doe is a cat^ 



Things with fur coats 




Both premises are true^ but the minor premise does not 
classif^r '^Mt's. John Doe'* as an element of the set of cats. 
Therefore, the conclusion is false. 



Example of a valid sy llogism with a false conclusion -. 



1. All two-legged creatures are human beings, 

2. % canary, Tweety Pie, has two legs. 

3. Ify canary, Tweety Pie, is a human being. 

The reasoning is correct, and the minor premise relates 
correctly to the major premise, but the major premise is 
false. Therefore, the conclusion is false. 



A (53 - 62) 
C (35 - 38) 
D (59 - 61) 
F (91 - 94) 



ERIC 



Example o f a valid syllogism with a true conclusion^ but with 
one or more false premises : 

1. All farmers are residents of the United States, 

2o All Ohioans are farmers. 

3. All Ohioans are residents of the United States. 



The conclusion is true and the reasoning is valid, but both 
the major and minor premises are false. 



Example: An obtuse angle is greater than an acute angle. 



Rewritten in ”if- then" form 

If an angle is obtuse, then it is greater than an 
acute angle. 

Hiyp, An angle is obtuse. 

Con. The angle is greater than an acute angle. 
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Unit II - Methods of Reasoning 



TOPICS AND OBJECTIVES 



CONGEPTSo VOCABULARYo SYMBOLISM 



IMPLICATION 

To develop the ability 
to use symbolic logic 
as a method of 
reasoning 



implication 



All statements written in the ”if-then'* form can 
be symbolized o 

Let H represent the hypothesis. 

Let C represent the conclusiono 
H— >C 

The arrow ( means *^if H then C” but is 

read implies C”o 



converse 



inverse 



c ont rapo sit ive 



The converse of the statement H — pC is C~>Ho 
The converse of an implication is not necessarily 
truS'o 

The inverse of the statement H — ^ C is **not K 
not C'^o In the notation of symbolic logic > this 
is H > ^Co 

The inverse of an implication is not necessarily 
true. 

The contrapositive of the statement H C is 
'*not C — »not (^C---^^^H)o 

The contrapositive is sometimes called the 
inverse of the converse. If an implication 
is truej then the contrapositive is always 
true. 



ASSUMPTIONS 

To become acquainted 
with the axioms and 
postulates needed in 
elementary deductive 
reasoning 



proposition A proposition is a general statement concerning 

relationships , 



postulate 



A postulate is a geometric proposition accepted 
without proof. 

It is an assumption. 
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REFERENCES 



SUGGESTIONS 



A (124 - 128, 

282 - 284 ) 

C (74 - 76) 

D (62 - 66) 

E (148 - 149, 

162 - 164) 

Me serve, B. E. and 
Sobel, M. A. Mathematic 
for Secondary School 
Teachers (192-220) 

Brumfiel, C, F. , 
Eicholz, R. E. , and 
Shanks. M. E. Geometrv 
(21-42) 



Example showing implication: 

Let I stand for ”Mary has a toothache „ ^ 

Let C stand for **Mary visits the dentist^ ** 

Then H — >C means »»lf H then C/’ or 

'»If Mary has a toothache, then Mary 
visits the dentist 



Implication; 

Converse: 



Inverse: 



If Mary has a toothachej, then Mary visits the 
dentist^ 

If Mary visits the dentist, then Mary has a 
toothacheo (Not necessarily true as Mary may 
visit the dentist for a regular checkups ) 

If Mary does not have a toothache ^ then Mary 
does not visit the dentist. (Not necessarily 
true as Mary may visit the dentist for other 
reasons c ) 

Contrapositive: If Mary does not visit the dentist, then 

Mary does not have a toothache. (True if 
implication is true. ) 

Examples oi Implication, Converse, Inverse, and Contrapositive: 



. H 
C 



o H 
C 

c 



'C: If the sun shines, I am in a good mood. 

H: If I am in a good mood, the sun is shining, 

^ C: If the sun is not shining, I am not in a good 

mood. 

■ If I am not in a good mood, the sun is not 

shining. 

C: If X + 3 = 9, then x =* 6. 

H: If X = 6, then x + 3 = 9 (converse is true here) 

^C: If X + 3 ^ 9s then x ^ 6. (inverse is true here) 

^ H: If X # 6i then x + 3 9o 



Have pupils make up their own implications and complete 
the converses, inverses, and contrapositives. 
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TOPICS AND OBJECTIVES 



CONCEPTS^ VOCABULARY, SYMBOLISM 



axiom An axiom is a proposition, general in nature, accepted 
without proof. It is also an assumption, 

1, Identity axiom (reflexive axiom) Any quantity is equal to 

itself, 

2, Symmetry axiom An equality may be reversed, 

3« Transitive axiom Two quantities equal to the same or 

equal quantities are equal to each other, 

4o Substitution axiom A quantity may be substituted for its 

equal in any expression without 
changing the value of the expression, 

5, Addition axiom If equal quantities are added to equal 

quantities, the sums are equal. 

6, Subtraction axiom If equal quantities are subtracted from 

equal quantities, the differences are 
equal, 

7, Multiplication axiom If equal quantities are multiplied 

by equal quantities, the products 
are equal. Special case: Doubles 
of equals are equal, 

8, Division axiom If equal quantities are divided by equal 

non-zero quantities, the quotients are 
equal. Special ease: Halves of equals 
are equal, 

9, Powers axiom Equal powers of equal quantities are equal, 

10, Roots axiom The absolute value of equal roots of equal 

positive quantities are equal, 

11, Axiom of the whole The whole of any quantity is equal to 

the sum of all of its parts. 
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A 

C 

D 

E 

F 



REFERENCES 

( 84 ) 

(39 - 41 ) 
(70 - 74 ) 
(60 - 61 ) 
(100 - 101 ) 



Examples » 

lo a * a; AB = AB; 

2. If a = b, then b = a„ 

3. If a bj and a =* Cj, 
If a =5 bp and c = d, 

4« If a = b + c and b =* 



Unit II ° Methods of 

SUC3GESTI0KS 



/F = I? 

If AB =* CDp then CD = AB, 
then b ^ Co 

and a = Cp then b =* d„ 

5# then a = 5 + Co 



Reasoning 







5o If AB = CD and EF » GHp then AB + EF = CD + GHo 
CAUTION ; AB + CD ^ EF + GHo 

6« If AB * CD and EF =» GH,- -^iien AB - EF = CD - GH 
CAUTION ; AB - CD ^ EF =• GHo 



7o If /A ' zBp then 5(/A) « 5(/B)o 
8o If AB *■ CDp then ^ • 



9o If AB a CDp then (AB)^ = (CD)^. 

10, If =« y^p then| lT?| =:| fy^ I 

11 o In the figure p /I + /2 + /3 = /DOAo 
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TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



POSTUUTES 

To become acquainted 
with some elementary 
postulates 



PROVING BASIC THEOREMS 

To develop the ability 
to prove certain 
fundamental theorems 
using axioms and 
postulates 
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lo' A line segment has one and only one midpoint „ 

2o The shortest distance between two points is a straight line^ 

3o An angle has only one bisector^ 

ko A point is determined by the intersection of two lines or 
the intersection of a line and a plane. 

A line is determined by two distinct points or by two 
intersecting planes^ 

6o A plane is determined by three non-collinear points, by 

two intersecting lines, or by a line and a point not in the 
line,, 

7„ All right angles are equal. 

Bo All straight angles are equal. 

9. The shortest distance from a point to a line is the 
perpendicular from the point bo the line. 

10. If two points lie in a plane, then a line connecting the 
two points lies in the plane. 



theorem (Th.) A theorem is a proposition that is proved by 

deductive reasoning. 

Th. If two angles are supplementary to the same or 
equal angles, they are equal. 

Th. If two angles are complementary to the same or 
equal angles, they are equal. 

Th. Vertical angles are equal. 

Th. If two dihedral angles are supplementary to the 
same or equal dihedral angles, they are equal. 

Th. If two dihedral angles are complementary to the 
same or equal dihedral angles, they are equal. 

Th. If planes intersect, the vertical dihedral angles 
are equal. 



Symbol for **therefore'' is o". 






Unit II - Methods of Reasoning 
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As a good enrichment problem, have pupils find the fallacy 
in the following: 




2 Ibo 


*■ 32 ozo 


Given 




|ib. 


■* 8 oZo 


Division axiom » 




1 Ibo 


■■ 256 OZo 


Multiplication axiom 

1 


A (74, 84. 89) 






— : 


C (41 - 46) 









D (26) 

F (104, 108) 



A (47 - 50, 
78 - 80) 




Introduce formal proofo 



Exan5)le°. Tho If two angles are supplementary (supp.) to the 

same angle or equal angles, they are equals 

Hypo /A is supp. to /Co 
/B is suppo to /Co 



Cono /A = /B 
Statements 



lo /A is suppo /C 
/B is suppo /C > 
2o /A + /C = 180® 

/B + /C = 180® 

3o /C « /C 

4o /A = 180® =■ /C 

/B = 180® - /C 

5o ;./A = /B 



Reasons 



lo Given 

2o Definition of 

supplementary angles 
3o Identity axiom 
4o Subtraction axiom 
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Transitive axiom 



UNIT III 



TRIANGLES 



16 Sessions 












Unit III - Triangles (l6 sessions) 



TOPICS AND OBJECTIVES 



TRIANGLE 



To become familiar with 
the triangle and its 
parts 



CONCEPTS, VOCABULARY, SYMBOLISM 



triangle 



The union of three line segments joining any three 
non^collinear points is a triangle » 



A triangle separates any plane into three disjoint 
subsets o 



Set A » all the points in the triangle (in the three 
line segments) 



Set B = all the points in the interior of the 
triangle 



Set C = all the points in the exterior of the 
triangle 




The interior of a triangle is the intersection of the sets 
of points in 



the interior of /SET and the interior of /STR, or 
the interior of 2^TR and the interior of /TSR, or 
the interior of /TSR and the interior of /SRT« 



H C Set B 




L: 






■ 




^ 4 - 



The exterior of a triangle is the set of all the points not 
in the triangle nor in the interior of the triangle^ 

G e Set C 









REFERBfCES 
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SUGGESTIOHS 



A (2, 10, 23, 289) 

C (58 - 59, 91) 

D (101 - 102, 107) 
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TOPICS AND OBJECTIVES 



CONCEPTS„ VOCABULARY, SYMBOLISM 



TRIANGLES CLASSIFIED 
BY SIDES 



To develop the ability 
to classify triangles 
according to their 
sides 



TRIANGLES CLASSIFIED 
BY ANGLES 



To develop the ability 
to classify triangles 
according to their 
angles 
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vertex (pi, vertices) In the figure, each of the three points 
R, S, T is a vertex of the triangle. 



A triangle is named by naming the vertices. 

t 

Triangle RST or 

A RS 



The symbol for triangle is 

"A". 




s T 

The line segments are called the sides of the 
triangle. 



Side r is opposite /R, is opposite side r and included 
between sides s and t. 

Side s is opposite /S is opposite side s find included 

between sides r and 

Side t is opposite /T, /T is opposite aide t and included 



between sides r and s< 



scalene A scalene triangle is a triangle with no equal sides. 



isosceles An isosceles triangle is a triangle with two equal 
sides. 

The equal sides are called legs . 

The angle formed by the legs is called the vertex 
angle . 

The side opposite the vertex angle is called the 
base . 

The two angles adjacent to the base are called the 
base angles. 



equilateral An equilateral triangle is a triangle with three 

equal sides. 



The set of isosceles triangles is a subset of the set of 
equilateral triangles. The converse of this statement is 
not *true. 



acute An acute triangle is a triangle with three acute angles, 



obtuse An obtuse triangle is a triangle with one obtuse angle. 



1 



1 
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'U 

When drawing a triangle^ a scalene triangle should be drawn 
unless another type is specifically indicated,, The scalene 


1 

I 

i 

i 

1 

I 

1 

1 

1 

[ 

,1 


triangle is considered the general form of a triangle^ Further- 
more, the scalene triangle drawn should not contain a right 
angle if the triangle is to be considered general in nature » 



Unit III - Triangle s 






TOPICS AND OBJECTIVES 



LINE SEGMENTS AND 
ANGLES ASSOCIATED WITH 
TRIANGLES 



To become familiar with 
special line segments 
and angles associated 
with triangles 



TRIANGLE CONGRUENCY 



To develop the concept 
of criangle congruency 



CONCEPTS, VOCABULARY, SYMBOLISM 



right A right triangle is a triangle with one right angle. 

The side opposite the right angle is called the hypotenuse .^ 
The sides adjacent to the right angle are called the legs , i 



equiangular An equiangular triangle is a triangle with three 

equal angles » 



The set of equiangular triangles is equal to. the set of 

equilateral tr langles. The converse of this statement is 
true. 



qgrjjneter The perimeter of a triangle is the sura of the lengths 
of the three sides. 



altitude 



An altitude of a ti“iangle is the line segment drawn 
from a vertex perpendicular to the opposite side or 
side produced. 



median 

base 



A median of a triangle is the line segment drawn from 
a vertex to the midpoint of the opposite side. 



The base of a triangle may be any side. The base is 
generally the side upon which the altitude is 
constructed or is thought to be constructed. In an 
isosceles triangle, the base is the side opposite 
the vertex angle. 



congruent triangles 



Congruent triangles are triangles whose 
corresponding parts, angles and sides, 
are equal. 



Congruent polygons are polygons whose 
corresponding parts, angles and sides, 
are equal. Congruent triangles are a 
subset of the universal set of congruent 
polygons. 



The symbol for the phrase »»is congruent to'» is 






:D 



B 



B 
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/ 

A (64 - 98) 


According to Euclid, congruent figures are figures which can be 
superimposed so that they coincide. This definition depends on 


C (60 - 61) 


undefined concepts such as motion, the ability to keep an 
object rigid during motion, and the ability to move an object 


D (116 - 123) 

i 


to a desired place. In this suide. the procedure is to take 
congruence as an undefined concept. 


K (91 - 104) 




F (189 - 203) 





F 
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TOPICS AND OBJECTIVES 



CONCEPTS^ VOCABULARY^ SYMBOLISM 



Methods of proving triangles congruent are: 



If two triangles have two sides and the included angle of 
one equal respectively to two sides and the included angle 
of the other j they are congruent o 



This is customarily abbreviated Soa»s, =» Spa.s. 



If two triangles have two angles and the included side of 
one equal respectively to two angles and the included side 
of the other they are congruent^ 



This is customarily abbreviated a.s,,ao ^ a„Soa, 



If two triangles have three sides of one equal respecLively 
to three sides of the other, they are congruent „ 



This is customarily abbreviated SoS.s. 



=» s,s.s. 



The above three methods are postulated and are to be added to 
the postulates previously listed,.' 



Corresponding parts of congruent triangles are equal, 
This is customarily abbreviated as Cop..c^t„e, 






[ 
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The unit on construction will not be taken until the second 
semester,, It is sufficient at this time to make triangles 
congruent using a protractor and a rule instead of the compass 
and straightedge o 

As an experiment in showing s^aoS^ ■ Soa,s„, have the pupils 
draw two triangles each with sides of 2" and 3** and an included 
angle of 40® o Cut out one triangle and see if it fits or 
coincides with the other,, 

Similar experiments can be performed showing a„Soa„ = a.s«ao 
and SoSoSo » s„s.So 



Another method is to have each pupil draw two triangles to his 
own specifications to see if they coincide^ Continue these 
experiments until the pupils inductively conclude that the 
triangles are congruent „ 



In listing the corresponding parts of congruent triangles^ the 
order is of utmost importance „ Stating that A ABC * A DEF 
implies ; 

C 



ZA-/D 
/B = /E 

AC = DF 
AB = DE 
BC = EF 





D 



In the above draiiringj, it would be incorrect to state that 
A ABC » Aefd„ 



If in the above triangles » /A » /Dj then the side opposite 
/A is equal to the side opposite 

Some congruent triangles are overlapping parts of geometric 
figures and are confusing to the eye^ When dealing with over- 
lapping triangles, it is suggested that the figures be ’•pulled 
apart” and that colored chalk and colored pencils be used to 
identify the corresponding parts „ 

It is an aid to pupils to mark corresponding parts of congruent 
triangles with any of a variety of identifying markSo An 
example is shown belowo q F 

^ 

AB « DE, £k = /D, AC *= DF 
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Unit III " Triangles 



TOPICS mD OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



PROVING THEOREMS 
USING CONGRUENT 
TRIANGLES 



To develop the ability 
to prove some theorems 
by means of congruent 
triangles 



Th» (prove formally) If two sides of a triangle are equal, the 
angles opposite those sides are equal. (This theorem may 
also be stated: The base angles of an Isosceles triangle 

are equal. ) 



i 



/ 



54 



Th. (prove formally) If t./o angles of a triangle are equal, the 
sides opposite those angles are equal, (This theorem may 
also be stated ; If two angles of a triangle are equal, the 
triangle is isosceles.) 



o 

ERIC 
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Unit III Triangles 


REFERENCES 


SUGGESTIONS 







; A (103 - 110, 

112 - 113) 


Because of the restrictions of timej, it is suggi. ^ed that a 
limited number of '^key*^ theorems throughout the course be 
proved formally. The rest should be postulated. Those theorems 


1 C (71 - 84) 


that should be proved formally are so marked. In the absence 
of any directions p the theorem may be postulated. 


D (5J5 - U2) 




E (104 - 117) 


Pupils should be taught to outline a plan of action before 
writing a formal proof. 


F (220, 222 - 225) 


The first two theorems are proved foimally for two reasons; 

1, To give the pupil much-needed practice in formal 
proof 

2, To give examples of converse theorems. The converse 
of any implication is not necessarily true. It is 
wise to reinforce this concept and convey the idea 
that because a theorem is proved true, the converse 
does not automatically follow. 

The policy of using specific notation ABp ABp and AB has 
been initiated in order to discipline the pupils in exact 
thinking. However p it is a more common practice to simply 
use AB where no ambiguity can arise. That is.j AB may refer 

to ^Ib; ABp or ABT 

From time to timOp the pupils should be asked to determine 
whether a certain notation denotes a line, a line segment, 
a ray, or the raeasxire of a line segment. 


' 


Similarly, the symbol fpiZ can be used to name an angle or to 
denote its measure. The context indicates the 
meaning , 

As soon as a theorem has been proved or postulated, it may be 
used as an acceptable reason in proving other theorems. 



0>.lt - Triangles 



TOPICS AND or;ectives 



auxiliary line 



CONCEPTS, VOCABUURY, SYMBOLISM 



An auxiliary line is an extra line not given in 
the hypothesis of a problem. This lino is 
drawn to help with the proof. The line Is 
usually broken to distinguish it from the 
given lines. 



corollary A corollary is a theorem that is easily proved by 
the use of a previous theorem. The abbreviation is 
Corolo 

Corol. An equilateral triangle is also equiangular, and 
conversely c 

Corol. The medians to the legs of an isosceles triangle are 
equal. 



if 




1 



I 



9 



Th. The bisector of the vertex angle of an isosceles triangle 
is the perpendicular bisector of the base. 

Th, A line segment that connects the vertex angle of an 

isosceles triangle with the midpoint of the base bisects 
the vertex angle and is perpendicular to the base. 

Th, If line segments are drawn from any point on the perpendic- 
ular bisector of a line segment to the ends of the line 
segment, they are equal. 



'i 



[ 
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Th, (prove formally) If two points are each equally distant 
from the ends of a line segment, a line connecting the two 
points is the perpendicular bisector of the segment. 



Postulate! If two right triangles have the hypotense and an 
acute angle of one equal to the hypotenuse and an 
acute angle of the other, they are congruent. This 
may be abbreviated as "rt, h.a, = h.a.*» This 
postulate should now be added to the list of 
postulates. 














REFERENCES 






( 251 ) 



Report of the CornmiS“ 
sion on Mathematics, 
Appendices . ( 166“ 168) 



( 114 “ 116 , 

130 - 131 , 134 - 138 ) 



"dnit III - Triangles 



SUGGESTIONS 



A common error is to place zozi many conditions on an auxiliary 
line„ 



Example 



Draw CD as the bise-tor 
of AB in ABC.,”' CD may 
or may not pass through G„ 

CD can be the median to AB 
or the perpendicular from 
C to AB„ but not necessarily 
both. 




B 



The corollary about the medians to the legs of an isosceles 
triangle is an example of overlapping triangles^ 



To determine which postulate to use in proving two triangles 
congruent, first discover if there is one pair or if there are 
two or three pairs of equal corresponding sides,, 

If there is one pair, use 

If there are two pairs, use 8„a„s„ =» 3oa„So 

If there are three pairs, use s„SoS. * s.s.s 






Introduce the fallacy, '‘'Every triangle is isosceles''^ This will 
reinforce such concepts as betweenness of points and points 
lying inside or outside of a trianglOo Note the two references 
at the lefto 



For superior students and as a challenge for all the class, 
"'Problems for Pacemakers" found in reference A are highly 
recommended „ 



Unit III " Triangles 



TOPICS kW OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



Th. If two right triangles have the hypotenuse and a leg of one 
equal to the hypotenuse and a leg of the other, they are 
congruent o This theorem may be abbreviated as 
»*rt. ^ h„lo = h.l.« 



To develop the ability 
to use congruent 
triangles in proving 
theorems in solid 
geometry 



Th, If the legs of one right triangle are equal to the legs of ' 
another right triangle, the triangles are congruent. Tliis 
theorem may be abbreviated as ”rt, ^ lil„ =1,1,** 

Th. If lines are drawn from any point in the bisector of an 

angle perpendicular to the sides of the angle and | 

terminated by the sides, th^ are equal, I 

a line perpendicular to a plane A line is perpendicular to a | 

plane if it is perpendicular to every line in the plane I 

through its foot. The foot is the point of intersection I 
of the line and the plane. 



Unit III - Triangles 



REFERENCES 



SUGGESTIONS 



A (132 - 133) 

B (22 ~ 23) 



The following unusual proof will be of interest to students as 
it was created by an IBM 704 electronic digital computer. 



Given: /\ ABGj with AC = BC 

To prove: [k *= /B 

Plan: Prove ^ ACB ^ BCA 

Proof 




Statements 



Reasons 



1, AC - BC 
2o BC - AC 
3, AB = BA 
k, ACB s ^ BCA 

5, /A - /B 



Ic Given 

2„ l^yimnetry axiom 
3 o Identity axiom 

4o 8o8*S* * S«S«8« 

5, C.p.c.t.So 



C (101 ~ 107) 

D (141 - 147) 



Unit III - Triangles 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



Th. (prove formally as an exercise) If a line is perpendicular 
to each of two intersecting lines in a plane at their point 
of intersection, it is perpendicular to the plane of these 



15.nes, 




Th. 



(prove formally as an exercise) If from a point in a 
perpendicular to a plane, line segments are drawn oblique 
to the plane meeting the plane at equal distances from the 
foot of the perpendicular, the segments are equal. 



D 



Th„ 



(converse to the above theorem" -prove formally as an 
exercise) If from a point in the perpendicular to a plane 
equal line segments are drawn oblique to the plane, their 
distances from the foot of the perpendicular are equal. 












Unit III ” Triangles 



B 

D 

G 



REFERENCES 



(29) 



Given o 



SUGGESTIONS 



AB BC and BD in plane P 



(145) 



To prove: AB_LP 



( 11 ) 



Plan: Through B draw any line BM 

in Po Prove AB_lBM<, Draw 
CD intersecting BM at E„ 
Extend AB to F so that 
AB - BFo Draw AC„ AD, AE; 
FC, FDj FEo 



Proof 




Statements 




Reasons 


lo AC » CFp AD • DP 


lo 


If two line segments are 
drawn from the perpendicular 
bisector of a line segment 
to the ends of the line seg- 
ment j, they are equalo 


2o CD = CD 


2o 


Identity axiom 


3o A^cd^Afcd 


3o 


SoS„S„ = S^SoSo 


4o iACE == IFCE 


4o 


CoPoCot^e, 


5o CE CE 


C 

c 


Identity axiom 


6, A ace = Afce 


6. 


SoaoSo - Soa^s. 


7o AE = FE 


7o 


CoPoC.t.e^ 


8, AB = BF 


8o 


Construction 


9o AB± BM 


9o 


If two points are each 
equally distant from the 
ends of a line segment, they 
determine the perpendicular 
bisector of the line segment^ 


10, AB±P 


10 0 


Definition of a perpendicular 
to a plane o 
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UNIT .17 



PERPENDICULAR LINES AND PLANES 
PARALLEL LINES AND PLANES 



10 Sessions 



Unit IV - Perpendicular Lines and Planes, Parallel Lines and Planes (10 sessions) 



TOPICS AKD OBJECTIVES 



PERPENDICULAR LINES 
AND PLANES 



CONCEPTS, VOCABULARY, SYMBOLISM 



To develop an under- 
standing of the 
concepts of perpendic- 
ular lines and planes 



Postulate: In a given plane containing a given line, there is 

one and only one line perpendicular to the given 
line at any point in the given line. 



Th. Given any line and any point not in the line, there is 
one and only one line through the given point and 
perpendicular to the given line. 



The 



I 



Given any plane and any point not in the plane, there is 
one and only one line through the given point and 
perpendicular to the given plane. 



I 

I 

I 

E 



0 

fl 

0 

Q 



perpendicular planes If two planes intersect so that the 

adjacent dihedral angles are equal, the 
planes are perpendicular. 










REFERENCES 



B (27) 

C (97 - 107) 

B im) 

0 (9-13) 



Unit IV - Perpendicular Lines and Planes, Parallel Lines and Planes 

SUGGESTIONS 




This theorem may be proveci formally as an exercise. 
Given! AB with point P not in 
ABo PC AB at C, 

R is any point in AB 
distinct from C„ 

To prove! PR not AB„ 

Plan! Extend PC to P' so that 

PC = P^Co Draw PR and P’R^ 

Proof 



A 



\ 



R 



t 



I / 

1 / 

I / 

P?4' 



Statements 




Reasons 


1, PC = P»C 


lo 


So drawn 


2o PP’ J„ AB 


2o 


Given 


3o /FCR®/P^CR 


3o 


Perpendicular lines form 
equal adjacent angles. 


ho CR = CR 


ko 


Identity axiom 


5o apcr = AP’cr 


5o 


s.a.So = s.a.s. 


6o /PRC = /P'RG 


6o 


Cop.c,t.e. 


7o /PRC + = /PRP'“ 


lo 


Axiom of the whole 


8. 2(/PRC)‘ = /PRP" 


8.. 


Substitution axiom 


9o /PRC == |(/prpO 


9o 


Division axiom 


lOo PCP" IS a straight line„ 


10. 


Given 


11 0 PRP'^ is not a straight 


xi.. 


Two points determine only 


line, and /.PRP' is not 
a straight angle „ 




one straight line. 


12 o /PRC is not a right 


12., 


A right angle is one^half 


angles 




a straight angle. 


13 o PR is not _L 


13. 


Definition of perpendic" 
ularity 



The pupilj when formally proving theorems as an exercise, should 
be periodically required to give a complete statement in sentence 
form as a reason^ 
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Unit IV - Perpendicular Lines and Planes, 
TOPICS AND OBJECTIVES 



PARALLEL LINES AND 
PLANES 



Parallel Lines and Planes 

CONCEPTS, VOCABULARY, SYMBOLISM 



To develop an under- 
standing of the 
concepts of parallel 
lines and planes 



parallel lines Parallel lines are two lines in the same plane 

that do not meet. 

The symbol for parallel is ^ | |"o 
The sjrmbol for not parallel is 4^**» 



skew lines Skew lines are two lines that do not lie in any 
I one plane,, 

I parallel planes Parallel planes are planes that have no point 

in common „ 



a line parallel to a plane A line is parallel to a plane if 
the line and the plane have no point in common^ 

Th, If two parallel planes are cut by a third plane, the 
lines of intersection are parallel. 



I 









I ij, 111.^1(111 1 I J III I 



iiiiiiPii^^ mmmjji. j 



ilH! j) ,1.1 ii,,Mi!iiii||y(ii, 




REFERENCES 



Unit IV - Perpendicular Lines and Planes, Par allel Lines and Planes 

SUGGESTIONS 



A (133, 158) 

B (42 - 54, 

75 - 81) 



This theorem may be proved as an exercise 

Given: Plane P H plane Qo 

P and Q cut by plane R 
in lines g and h., 

To prove . g 1 1 h 

Plans Show that lines g and h 

satisfy the definition of 
parallel linesc 



Proof 




Statements 



Reason.. 



lo g is a straight line 

and h is a straight linSo 
2„ Lines g and h lie in one 2. 
plane,, 

3c g, which lies in P^ and 3„ 
h, which lies in Qp have 
no point in common. 

ho 0°. g 1 1 he 4, 



Two intersecting planes 
determine a straight line„ 
Given 

Definition of parallel 
planes 

Definition of parallel 
line So 



There are many theorems about the special relationships that 
exist between lines and planes o Time restrictions prohibit 
formal proof of all of themo However;, it is important that 
pupils DEVELOP THE ABILITY TO VISUALIZE SPATIAL RELATIONSHIPS 
BETWEEN LINES AND PLANES.. 
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Unit IV -> Perpendicular Lines and Planes, Parallel Lines and Planes 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



INDIRECT REASONING 



To develop an under- 
standing of indirect 
reasoning as a method 
of proof 



Indirect reasoning 



If all possible conclusions to a proposition 
are listed, and if all but one are proved 
false, then the remaining one is true. It 
is assumed that one of the listed conclu- 
sions must be true. 






Th« If two lines are perpendicular to a third line all in the 
same plane, the two lines are parallel. 



I 






68 



ERIC 









Uni'D IV ° Perpendicular La^nes and Planes, Parallel Lines and Planes 




F 






G 



.. 



r 

y 



S' 



A 

C 

D 

E 

F 










REFERENCES 



SUGGESTIONS 



(101 - 110 , 

163 " 172) 

(168 - 171 ) 



This can be done by using thin sticks and pieces of cardboard 
to represent lines and planeso Overlaying a transparency on 
the overhead projector is also helpful. Pupils can draw correct 
conclusions intuitively. 



(153 - 157) 

(13 - 21) 

(299. 305 - 307) 
(113 - 114) 

(181 - 182) 

(138 - 139) 

(163 - 166 ) 



Pupils’ understanding of these spatial relationships can be 
tested by careful selection of exercises from any of the 
references available. 



i Present indirect reason5.ng as three steps, 

1, List all possible conclusions, one of which must be true, 

2, Prove that all conclusions except one lead to a 
contradiction of the hypothesis or contradict a 
statement previously proved true, 

3, State that the one remaining conclusion must be true. 

Use indirect proof as a means of proving this theorem as an 



exercise. 

Given: x y, c; y„ 

all in the same plane. 

To prove ’ x 1 1 z , 

Plant Either xUs or x 

Assume X/ff z, and show that 
contradiction. Then x must 

Proof 

Statements 

X __L y, t X y. X, y, z 1. 
lie in the same plane, 

2, Either xiijs or xHi, 2, 

3« Assume xj^z, then x and 3. 
z will meet at some 
point Pc 

ho Then there are two per- 4o 
pendiculars from P to y, 

5o This is impossible, 5o 



6, xllz 6, 




y 

this leads to a 
be parallel to z. 



Redsor4£ 

Given 

Two straight lines in the 
same plane either intersect 
or do not intersect. 

Two intersecting lines 
determine a point. 

Given x __L y, and z X y. 

In a plane, one and only one 
line can be drawn throxjgh a 
point perpendicular to a 
given line. 

Since all other conclusions 
are false, the remaining 
conclusion must be true. 
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Unit IV - Perpendicular Xines and Planes, Parallel Lines and Planes 



TOPICS AND OBJECTIVES 



PARALLEL LINES 

To develop compre- 
hension of the 
vocabulary used in 
proving parallel 
line theorems 



CONCEPTS, VOCABUi^AHY, SYMBOLISM 




Postulate; Through a given point not in a given line, one and 
only one line can be drawn parallel to the given 
lineo 

transversal A transversal is a line that intersects two or more 

straight lines., The word transversal will be used 
only if all the lines lie in the same planOo 

s is the transversal of a and b^ 

Consider the eigjit numbered angles^ 

Four of them, /s 3» 4p 5» and 6 are 

called interior angles ^ 

Four of them,/s 1, 2, 7, and 8 are 

called exterior angles,, 

alternate interior angles (alto into /s) Alternate interior 

angles are pairs of non=adjacent interior angles that 
lie on opposite sides of the transversalo 

alto int. /s by pairs are; /3 and /6 

Ih and 3 

alternate exterior angles (alto exto /s) Alternate exterior 

angles are pairs of non^adjacent exterior angles that 
lie on opposite sides of the transversalo 

alt. ext. /s by pairs are: /I and /8 

12 and 17 

corresponding angles (corr. /s) Corresponding angles are angles 
on the same side of the transversal and on the same 
side of the lines cut by the transversal. Note that 
one angle is an interior angle and the other is an 
exterior angle. 

corr. /s by pairs are: /I and /5 

Z3 and /? 

/2 and /6 
and /8 

interior angles on the same side of the transversal Interior 
angles on the same side of the transversal by pairs 
are: 

and /6 

D and /5 




refereijces 



A (141, 146) 

F (157 - 160) 



Unit IV ° Perpendicular Lines and Planes, Parallel Lines and Planes 






SUGGESTIONS 



Pupils can be aided in recognizing alternate interior angles p 
corresponding angle Sp and interior angles on the same side of 
the transversal in the more complex geometric figures by use of 
certain ^*code'‘ letter s„ 



Alternate interior angles can be discovered as they form the 
letter or a corruption of this letter^ 




Corresponding angles can be discovered as they form the 
letter or a corruption of this letter^ 

E>Cc.mples,' 




Interior angles on the same side of the 
discovered as they form the letter '*C’“ 
this letter^ 

Examples? 




transversal can be 
or a corruption of 




Have the pupils use colored pencils and mark the Z“Sp and 

G’s in their drawings „ 








Unit IV “ Perpendicular Lines and Planes, Parallel Lines and Planes 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMB0LI31 



PROVING LINES PARALLEL 

To develop the ability 
to prove lines parallel 



The (prove formally) If two straif^ht lines are cut by a trans- 
versal so that the alternate interior angles are equal, the 
lines are parallel^ ' * 



Corolo If two straight lines are cut by a transversal sc that 
the corresponding angles are equal, the lines are 
parallel^ 



Corol. If two straight lines are cut by a transversal so that 
the interior angles on the same side of the transversal 
are supplementary, the lines are parallel. 

Corol, If two straight lines are cut by a transversal so that 
the alternate exterior angles are equal, the ?*.ines are 
parallel. 



USING PARALLEL LINES TO 
PROVE ANGLE RELATION- 
SHIPS 



To develop an under- 
standing of the theorems 1 
in which ’’given’’ 
parallel lines 
establish angle 
relationships 



Th. If a line is perpendicular to one of two parallel lines, 
is perpendicular to the other line. 

The If two parallel lines are cut by a transversal, the 
alternate interior angles are equal. 

Corol. If two parallel lines are cut by a transversal, the 
corresponding angles are equal. 




Corol. If two parallel lines are cut by a transversal, the 
interior angles on the same side of the transversal 
are supplementary. 



Corol, If two parallel lines are cut by a transversal, the 
alternate exterior angles are equal. 

Corol. If two line.'3 are parallel to the same line, they are 
parallel to each other. 



references 



Unit IV - Perpendicular lines and Pl a neOg Parallel Lines and P lants 

SUGGESTIONS 



A (U3 - 144, 

146 - 14S) 

C (119 - lai) 

E (150 - 155) 

F (167 - 173) 



A (U9 - 155, 
159 - 160) 

C (122 - 126) 

D (82 - 90) 

E (144 - U7) 

F (158 - 163) 



Have the pupils add to lists of methods of proof a summary of 
the ways of proving lines parallel o 



Have pupils discover the angle relationships when given parallel 
lines 0 Use the ruled lines on a sheet of note paper as parallel 
lines 0 Draw a transversal and have the pupils measure the 
angles with a protractor o 

The theorems, **If two parallel lines are cut by a transversals, 
the alternate interior angles are equal,’* may be proved through 
use of the indire**^ 



Summarizing u 

The alternate interior angles are equal or not equal. 

If the angles are assumed not equal, then there must be a 
line RHSp distinct from CD, such that /RHG « /HGB<, 

Then line RHS is parallel to line AB, since the alternate 
interior angles are equal. 

This means that there are tMa lines through point H 
parallel to AB„ 

But this contradicts the parallel line postulate, ’’Through 
a given point not in a given line, one and only one line can 
be drawn parallel to the given line," 

Therefore, the given alternate interior angles must be 
equal. 

Have pupils add these theorems and corollaries concerning 
parallel lines to the list of methods of proving angles equal. 
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Un it V ° Polygons and Polyhedrons (20 sessions) 



TOPICS AND OBJECTIVES 



CONCEPTSp VOCABULARY, SYMBOLISM 



PROPERTIES OF POLYGONS 



To develop an under*= 
standing of the 
vocabulary pertaining 
to polygons 



broken line A broken line is the union of successive line 



segments such that‘. 



the successive segments are not in a 
straight line^ 




Zc no more than two line segments have a 
common end pointy 



adjacent segments Adjacent segments are two successive line 

segments v;ith a common end pointy 

closed broken line A broken line is closed if each line 



polygon A polygon is a closed broken line in a plane. 



The line segments are the sides of the polygcn... 

The end points of the line segments are the vortices 
of the polygon. 

A diagonal of a polygon is a line segment joining 
nonadjacent verticeso 



A closed broken line separates the plane into three disjoint 
subsets o 

Set A = all the points in the polygon 

Set B = all the points in the interior of the polygon 

Set C =s all the points not in the polygon nor in the interior 

of the polygon 

A U B = the polygonal region 

convex polygon A convex polygon is a polygon no side of which 



extended will enter the interior of the polygon,, 
Each of the interior angles is less than a 
straight angle ^ 



concave polygon A concave polygon is a polygon having at least 



one side xvhich extended will enter the 
interior of the polygon. 

One or more of the interior angles is a reflex 
angle. 

Unless otherwise indicated, all polygons are 
to be considered as convex polygons. 



segment is adjacent to a successive line 
segment at each of its end points. 





REFERENCES 



A 

C 

D 

E 



Unit V - Polygons and Polyhedrons 
SUGGESTIONS 



( 161 ) 

(129 = 130 ) 



(98 “ 100 ) 

( 12 , 215 - 216 ) 
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Unit V - Polygons and Polyhedrons 
TOPICS AND OBJECTIVES 



CLASSIFICATION OF 
POLYGONS ACCORDING TO 
SIDES 



CONCEPTS, VOCABULARY, SYMBOLISM 



To develop the ability 
to classify polygons 
according to the number 
of sides 



triangle 


a polygon 


quadrilateral 


a polygon 


pentagon 


a polygon 


hexagon 


a polygon 


heptagon 


a polygon 


octagon 


a polygon 


nonagon 


polygon 


decagon 


a polygon 


dodecagon 


a polygon 


pentadevcagon 


a polygon 


heptadecagon 


a polygon 


n-gon 


a polygon 



with three sides 
vd.th four sides 
with five sides 
with six sides 
with seven sides 
with eight sides 
with nine sides 
With ten sides 
v/ith twelve sides 
with fifteen sides 
with se^'enteen sides 
with "n" sides 



equilateral polygon An equilateral polygon is 

of whose sides are equals 



a polygon all 



equiangular polygon Aii equiangular polygon is a polygon all 

cf whose angles are equals 

reg ular polygon A regular polygon is a polygon all of whose 

sides are equal and all of whose angles are 
equal. 

The set of regular polygons is the intern- 
section of the sets of equilateral and 
equiangular polygons „ 



i 



THEOREMS INVOLVING 
POLYGONS 



To develop the ability 
to prove certain 
theorems involving 
polygons 



Th„ (prove formally) The sum of the angles of a triangle is 
equal to a straight angle (IQO®), 

Corolo If two angles of one triangle are equal to two angles 
of another triangle, the third angles are equals 
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Unit V - Polygons and Polyhedrons 
SUGGESTIONS 




U = the set. 
A = the set 
B = the set 
A n B - the 



of all polygons 

of all the equilateral polygons 
of all the equiangular polygons 
set of all regular polygons 



A (162 - 168) 



C (131 - 139) 

D (109 - 110) 







f .lU, IPW3 t fm 
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TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



Corel, A triangle can have at most one right angle or one 
obtuse angle. 



Corel, 

Corel, 

Corel, 



The acute angles of a right triangle are complementary. 
Each angle of an equilateral triangle contains 60®, 



If two angles and a side of one triangle are equal 
respectively to two angles and a side of another 
triangle, the triangles are congruent, (a,a,s, =* a.a.s,) 



Corol, 



exterior angle of a triangle An exterior angle of a triangle is 

the angle formed by one side of 
the triangle extended through a 
vertex, and an adjacent side. 



If one side of a triangle is extended, the exterior angle 
thus formed is equal to the sum of the two remote 
interior angles. 



I 



80 









Unix. V ^ Polygons and Polyhedrons 



REFERENCES 

E (156 - 161) 

F (176 - 180) 



SUGGESTIONS 



A (156 - 15'7) 

C (116) 

D (ill) 

E (142) 

F (167, 187) 

Bell, Eo T, Men ^ 
Mathematics, X218-269, 

294-306, 484-509) 

Bergamlni, David and 
the Editors of Life .. 
Mathematics , (i55“'l6?) 

Dresden, Arnold „ 

An Invitation to 
Mathematics , 

Eves, Howard^. An 
Introduction to the 
History of Mathematics , 
(132-134) 

Kasner, Edward and 
Newman, Jamea„ 
Mathematics and the 
Imagination , (l3 1 - 150 ) 

Kline, Morris,. 
Mathematics in Western 
Culture o 



NON- EUCLIDEAN GEOMETRY 

The acceptance of the proof of the theorem, -»The sum of the 
angles in a triangle equals a straight angle/* as well as'many 
other theorem -3 involving che use of parallel lines in their 
proof, 13 dependent upon Euclid -s fifth postulate.. 

This is the famcas '*parallel postulate''^ 

Upon examination of Euclid s original postulates, one has the 
feeling that the fifth Is not as '“*s elf- evident** as the others „ 

Euclid himself was unable to pro-^e it as a theorem., While he 
was also unable to disprove it, there is evidence to the fact 
that in later years he was dissatisfied with this postulate 
and wanted to divorce it from the others ^ 

^fethematicians throughout history have attempted to prove or 
disprove this postulate,, all unsuccessfully^ 

Three mauhemaoicians*-- Lcoatchevslky of Russia, Bolyai of Hungary, 

and Gauss of Germany working independently, replaced the 

**parallel posiLUj-aTre' with one that states, **Throiugh any point 
not in a given line more than one line can be drawn parallel to 
the given line, '* 

From this postulate developed a geometry which is every bit as 
valid and consistent as that of Euclid, 

In fact, these geometries are identical with Euclidean geometry 
excepting those theorems dependent upon the parallel postulate, 
Fo'c example, one startling difference is, -“*The sum of the 
angles in a triangle is Isa^s than a straight angle.** 

Gauss did much of the early work in his field but failed to 
communicate nis findings 'o the world As a result, most of 
the credi«.- is given cc Do-.yax and particularly to Lobatchevskyo 
This branch of non Euclidean geometry is known as Lobatchevskian 
or **hyperbolic ** geometry since the nature of the geometry is 
best suited to a hyperbolic surface (a surface with constant 
negative curvature) rather than to a plane surfaceo 



Uni'*/ V - Polygons and Polyhedrons 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



The The sum of the interior angles of a polygon with n sides 
is equal to 180® (n •• 2)^ 

Corol. The sum of the exterior angles of a polygon made by 
extending each of its sides in succession is 360° „ 



o 



82 




REFERENCES 



Unit V Polygons and Polyhedrons 
SUC5GESTI0NS 



Lieber, Lilliario 
Non^F j clidean Geometry 
or Moons in 

Mathesis .. 

Shiith, Eo History 
of Mathematica, Vol<, 
II. (335 *• 338) 



A little later j, Riemannj; another German mathematician, replaced 
the parallel pos^iulate with one that states ^Through a point not 
in a line, no line can be drawri parallel to the given linOo** 

This postulate leads to the theorem, ’'The sum of the angles of 
a triangle is greater than a straight angle,** as well as other 
contradictory theorems^ Here again, the geometry is consistent 
and valid and has turned out to be more - practical than Euclid 
in many modern applications ^ 

Einstein used Riemannian geometry in his theory of relativity,, 

It is also known as "elliptic* geometry (applied to a surface 
of constant jurvacire) and is very similar to geometry 

applied to the surface of a sphere^ 

Non Euclidean geometry-;, in addition to being a worth-while 
logical exercise for pupils in abstract geometry, plays a vital 
role in advanced mathematics and science^ The question, ”Is 
space curved?^ may well bs restated, *'*Is space best described 
by Euclidean, Lobatchevskian, or Riemannian geometry?** 



A (170 - 173) 
C (140 - 143) 
D (112 - 114) 

E (218 - 221) 
r (63 - 64 ) 



See appendix for a table comparing features of E-uclidean and 
non- Euclid ean geome tries.. 



Sphere - A surface on which, Pseudosphere ■* A surface on 
with restrictions, Riemannian which lobatchevskian geometry 
geometry may be pictured^ may be pictured „ A simple 

hyperboloid may also be used 
as a surface,, 
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CONCEPTS, VOCABUURY, SYMBOLISM 



4 



QUADRILATERALS 

To develop an under 
standing of the 
definitions for 
different types of 
quadrilaterals 



trapezium A trapezium is a quadrilateral with no sides parallel, I 
A trapezium is the general form for a quadrilateral, t 

trapezoid A trapezoid is a quadrilateral with two and only r 

two sides parallel, I 

If the non- parallel sides are' equal, the trapezoid 
is called an isosceles trapezoid . 

If a trapezoid has one right angle, it is called a I 
right trapezoid o t 



The median of a trapezoid is a line segment joining 
the midpoints of the non- parallel sides, f: 

The bases of a trapszoid are the parallel sides, t 



METHODS OF PROVING 
THAT A QUADRILATERAL 
IS A PARALLELOGRAM 

To develop an aware- 
ness of the theorems 
which prove that a 
quadrilateral is a 
parallelogram 






parallelogram A parallelogram is a quadrilateral with opposite r 

sides parallel, 1 

The symbol for parallelogram is X ^ 

Properties of a parallelograms 

Ic opposite sides are equal f| 

2o opposite angles are equal t- 

successive angles are supplementary 

4, diagonals bisect each other fl 

5. either diagonal divides the parallelogram [; 
into two congruent triangles 



1 



Tho If the opposite sides of a quadrilateral are equal, the 
figure is a parallelogram, 

Tho If the opposite angles of a quadrilateral are equal, the 
figure is a parallelogramo 

Tho If tv/o sides of a quadrilateral are parallel and equal, the 
figure is a parallelogram, 

Tho If the successive angles of a quadrilateral are supple- 
mentary, the figure is a parallelogram, 

Tho If the diagonals of a quadrilateral bisect each other, the 
figure is a parallelogram. 




REFERENCES 



A (m - 180) 

C (l5l J.5A. 

155 - 161 ) 

D (151 - 159) 

E (22? - 228) 

F (65 67) 
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SUGGESTIONS 



Sidelight 



In Great Briwain* zhe definitions of trape*i\im and 
trapeaoid are interchanged. 



II. IS r.oL ne-essarv co prove any ‘oheoi’ems or exercises con" 
cernin,.7 tne properiies of parallelograms, methods of proving 
.erals are parallelograms, or the special 
r reziangle.'^. -.nvcmbases and squares^ It is better 
parul? *'r . -carlh** these ii.ems, compile lists of 
r r own. and ihen foriAalaCi correct lists cooperatively, 

6-r. co:rtpYcc& and :orre.l: xisif. nave been compiled, pupils 
T.a" iic properties and metnods as acceptable reasons for 



Tin.(. qoac 
pr oper ' 

V.' r.avfc 
r' 
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CONCEPTS, VOCABULARY, SYMBOLISM ] 


SPECIAL TYPES OF 
PARALLELOGRAMS 




To develop the ability 
to recognize special 
types of parallelo- 
grams and to define 
the properties of each 


rectan&le A- rectangle is a parallelogram with one ripht anple 1 
A rectangle has all the properties of a parallelogram 
plus the following special properties: f 

lo has four right angles 
2. diagonals are equal. 

rhombus A rhombus is a parallelogram with two adjacent anden 11 

equals M 

A rhombus has all the properties of a parallelogram 
plus the following special properties. | 

lo all sides are equal |j 

2o the diagonals are perpendicular to each other 
3. the diagonals bisect the angles p 

4* both diagonals divide the rhombus into four |i 

congruent triangles. 

square A square is a parallelogram with one right angle and j 

with two adjacent sides equal. ^ 

A square has all the properties of a parallelogram i 

plus; fi 

lo all the special properties of a rectangle (j 

2. all the special properties of a rhombus. 


SPECIAL THEOREMS 
PERTAINING TO CERTAIN 
POLYGONS 




To develop an under- 
standing of theorems 
concerning polygons 


Th. The midpoint of the hypotenuse of a right triangle is U 

equidistant from the three vertices. 

1 
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Th. If a line segment joins the midpoints of two sides of a 
triangle, it is parallel to the third side and equal to 
half of it. 



Corolo 



If a line bisects one side of a triangle and is parallel 
to the second side, it bisects the third side. 



■ 
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REFERENCES 


SUGGESTIONS 


C (154 - 155, 
' 159 * 161, 
^ 182 - 185) 


Add this theorem to the list of methods for proving lines 
parallel „ 


D (159 “ 165) 


An alternate method for proving theorems is to begin at the 
conclusion and think backward until reaching the hypothesise 
This method of discovering a proof is called the analytic 


E (230 - 236) 

> 

! 

i 

\ 

\ 

<; 


method of attack^ 

Examples If a line joins the midpoints of two sides of a 
triangle! 

a. it is parallel to the third side 
bo it is equal t(5 naif of the third side. 

Given! ^ ABC with R and T, the nadpoints of AC and BC, 
respectivelyo 

To prove ! a « RT 1 1 AB 

bo RT = |<A3) 

Plan! Extend RT its own length to ? and prove that RVBA 
is a parallel Dgr-am,, z 

Begin at conclusion (b) and a:-k, / N. 

'*How can RT = ^(AB)?‘^ ^ j~^ ^ 

Since RT = ^(RV) by construv^tion,. / 

RT * A(AB) if AB = RVo Z__« 

^ /V ^ 

Begin at conclusion (a) a.-id ask, 

•'How can it be proved that RT 1 1 ‘ 

Since RT is part of RVj, RTllAE i: RVllAB, 

RVIIAB and RV = AB if ABVH li a parallel ogramo 

ABVR is a parallelograra if AR BV and ArTi BV'o 

Since AR is part of AC^ ARIIbV if ACliBVo 

AC HbV if JJL = /2o 

/I = /2 if A RCT A VBTo 

ARCT VBT if SoioSo - 3, a.,. . 

This is true since ^CTR -- 11 - TB, and RT * TVo 

Since AR = RCy AR = if If - BV„ 

RC if ^ RCT ^ ^ VBT. 

This has already been prorel so RG - BV since CoPcC.toeo 
Reversing these steps will prove the exerciseo 

Pupils having difficulty woth the proof of a problem will often 
be able to clear up any difficalty by tne analytic itethod of 
attack o 


L. 
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POLYHEDRONS 

To develop an under- 
standing of basic 
concepts regarding 
geometric solids 



90 



Tho The median of a trapezoid is parallel to the bases and 
equal to one-half their sumo 

Tho The base angles of an isosceles trapezoid are equalo 

Corolo The diagonals of an isosceles trapezoid are equalo 

Tho If three or more parallel lines cut off equal sagments on 
one transversal, they cut off equal segments on every 
transversal* 



polyhedron 



A polyhedron is a solid formed by a set of planes 
(four or more) which enclose a region of space* 

The planes are called the faces of the polyhedron* 
These faces are enclosed by polygons* 

Thus, the bases of the polygon are polygonal regions. 
The intersection of the faces are the edges of the 
polyhedron* 

The edge of a polyhedron is the edge of the 
dihedral angle formed by the intersection of any 
two faces* 

The vertices of a polyhedron are the points where 
three or more edges intersect* 

A diagonal of a polyhedron is a line segment joining 
any two vertices not in the same face* 

The polyhedron separates space into three 
disjoint subsets* 



Set A 
Set B 

Set C 

A U B 

convex polyhedron 



section of a solid 



= all the points in the polyhedron 
* all the points in the interior of the 
polyhedron 

■ all the points not in the polyhedron 
nor in the interior of the polyhedron 
s the polyhedral region 

A polyhedron is convex if every edge extended 
does not enter the interior region of the 
polyhedron* 

Unless otherwise indicated, every polyhedron 
will be considered as being convex* 

A plane figure which is formed by the 
intersection of a plane and a solid is 
called a section of the solid* 

The section of a polyhedron is a polygon* 
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REFERSNCES 



SUGGESTIONS 



Add this theorem to the list of methods for proving lines 
parallel. 

An excellent fallacy problem which should be used for enrich*- 
ment purposes can be found in the appendix. 

The fallacy seems to prove, "A right angle is equal to an angle 
greater than a right angle! " 

The fallacy in the problem becomes readily apparent when the 
figure is accurately drawn. 



A (200) 

B (61 - 62) 

C (168) 

D (255 - 256) 

S (126, 240) 

G (27, 29) 



The word ’’polyhedron'* means "many planes’*. 
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polyhedral angle 




U 



regular polyhedron 



A polyhedral angle is a figure formed by 
three or more planes that meet in a point. 

The planes must be so situated that they may 
be intersected by another plane, the section 
formed being a polygon. 

The meeting point of the planes is called the 
vertex of the polyhedral angle. 

The portions of the planes which form the 
polyhedral angle are called the faces , 

A face angle of the polyhedral angle is a 
plane angle formed by the edges of any one 
face, 

A polyhedral angle is named by naming the 
vertex point alone, or the ver'^x pornt and 
a point on each edge. 

Polyhedral /T 
or 

Polyhedral ^T-ABCDE 



j/ATB and ^BTC are eXc'.nipj.eo of face angles. 

The measure of a polyhedral angle is equal to I 
the- sum of the measures of its face angles, 

A polyhedral angle having three faces is 
called a trihedral angle . 

Polyhedral angles of four, five, six, and 
eight faces respectively are called i 

tetrahedral ., pentahedral , he xahedra l, and | 

octahed ral angles, ~ 

A regular polyhedron is a polyhedron all of | 
whose fa^es are congruent regular polygons ^ 
and aii of wnose polyhedral angles are equal. 
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There are only five regular polyhedrons 

lo regular tet r ahedron four equilateral triangles 
2o regular hexahedron or cube *■ six squares 
3o regular octahedron ^ eight eq-uilateral triangles 
^0 regular dodecahedron - twelve regular pentagons 
5o regular icosahedro n - twenty equilateral triangles 



erJc 
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other definitions for polyhedral angle are: 

lo A figure generated by the rotation of a ray about its end ! 

point while intersecting a polygon in another plane„ 

2, The configuration formed by the lateral faces of a 

polyhedron which have a common vertex. ' 

3. The figure formed by the union of a point and the rays 
joining that point to each point of the sides of a 
polygon in a plane not containing the point. 


J 

1 




) 

D (257 - 260) 


\ 

\ 

\ 

i 

1 

j 

1 

i 

j 

The five regular polyhedrons are also known as the Platonic 
Solids in honor of their discoverer, Plato^ 


^ Cundy, H, M. and 

Rollett, A, P^ 
i Mathematical Models. 

I77-160) 


There are many polyhedrons whose faces are regular polygons 
and whose polyhedral angles are equal but whose faces are not 
all the same kind of regular polygon. These are known as 
Archimedian polyhedrons 


1 Gamovr, G. One. Two. 

Three — Infinity i! 

: 


An example is the great rhombicosidodecahedron. This sub- 
stantial solid consists of 62 faces, 30 of which are squares, 

20 of which are regular hexagons, and 12 of which are regular 
decagons, 
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TOPICS AND OBJECTIVES 



PEISMS 



To develop the ability 
to classify prisms 
as polyhedrons 



CONCEPTSc VOCABULARY. SYMBOLISM 



prismatoid A prismatoid is a polyhedron all of whose vertices 
lie in two parallel plane s<, 



prism A prism is a polyhedron in which two faces, called bases^ 
are congruent polygons which lie in parallel planes e 
The other faces of the prism are parallelograms and are 
called lateral faces ^ 

The intersection of ary two lateral faces is called a 
lateral edgS n 



Prisms can be classified according to their bases « 

A prism whose bases are triangles is called a 
triangular prism ,, 

A prism whose bases are quadrilaterals is called a 
quadrangular prism n 

A prism whose bases are hexagons is called a hexagonal 
prism n 

A prism whose bases are octagons is called an 
octagonal prism .. 



right prism A right prism is a prism whose lateral edges are 
perpendicular to the bases ^ 



oblique prism An oblique prism is a prism whose lateral edges 

are not perpendicular to the bases , 









REFERENCES 
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SUGGESTIONS 



Hogben, Lo Mathematics 
in the Making 
(286-287, 291“294) 



Have pupils discuss the regular polyhedrons, determining such 
features as the number of vertices and edges, the number of 
degrees in each polyhedral angle, and so on. 






Young, F. Ho The 
Nature of Regular 
Polvhedra <» Infinity 
and Beyond » An 
Introduction to Groups . 



In the chapter on inequalities, pupils will be able to prove 
that there are only five regular polyhedrons. 

Introduce Euler’s Theorem: In any polyhedron which has no 

holes, the sum of the number of faces and the number of 
vertices is equal to two more than the number of edges. 

The formula is V + F = E + 2. 

Pupils may check this formula first using the regular polyhedrons 
and then any irregular polyhedrons. 

The proof of Euler’s Theorem makes a good project. 



A (200) 

B (84 - 91) 



Film: Stretching the Imagination (30 min.) 

Association Films, Inc. 

347 Madison Avenue 
New York 17, New York 

One of the series, ’’Adventures in Number and Space”. 
Bill Baird and his puppets discuss topology and 
Euler’s theorem. 



D (261 - 268) 

E (240 - 243) 

. G (30 - 33) 



h. 



The relationship among the various polyhedrons may be 
illustrated by Venn diagrams. 




U = the set of all prisms 
A = the set of all right prisms 
A’ = the set of all oblique prisms 
(Set A’ is the complement of set A) 



- 
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CONCEPTS, VOCABULARY, SYMBOLISM 



PROPERTIES OF PRISMS 



To develop an under- 
standing of the 
properties of prisms 



96 



regular prism A regular prism is a right prism whose bases are 

regular polygons. 



parallelepiped A parallelepiped is a prism whose bases are 

parallelograms , 



right parallelepiped A right parallelepiped is a parallelepiped! 

which is a right prism. 



rectangular parallelepiped (rectangular prism, rectangular solid )[ 

A rectangular parallelepiped is a 
right parallelepiped whose bases are 
rectangles. 



cube A cube is a rectangular parallelepiped whose faces are 
squares. 



right section A right section of a prism is the figure formed 

by the intersection of a plane perpendicular to 
the lateral edges„ 



I 



I 



Postulate” Sections of a prism made by parallel planes which cut 
off the lateral edges or these edges extended are 
congruent polygons. 



Th< 



Every section of a prism made by a plane parallel to a base 
is congruent to that base. 



Th, The opposite faces of a parallelepiped are parallel and 
congruent polygons. 






Th, 

Th, 



The lateral faces of a right prism are rectangles. 

The altitude of a right prism equals the lateral edge, 
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U = the set of all prdsms 
A the set of all right prisms 
B = the set of all regular prisms 
C » the set of all rectangular para Ms^lepipeds 
B n C = the set of all cubes 




U = the set of all prisms 

A = the set of all right prisms 

A'= the set of all oblique prisms 

B = the set of all regular prisms 

C = the set of all rectangular parallelepipeds 

B O C = the set of all cubes 

D = the set of all triangular prisms 

B n D - the set of all regular triangular prisms 



It is nob necessary to prove any of the theorems in connection 
with the properties of prisms and pyramids „ It is quite 
sufficient to postulate these properties^ 

Pupils will be able to grasp intuitively the necessary spatial 
concept So 




Unit V ° Polygons an(^ Polyhedrons 
TOPICS AND OBJECTIVES 



PTRAMIDS 



To develop the ability 
to classifly pyramids 
as polyhedrons 



pyramid 



CONCEPTS, VOCABULARY, SYMBOLISM 



A pyramid is a polyhedron with one face a polygon and 
the other faces triangles with a common vertex^ 

The polygon is called the base of the pyramid and the 
triangles are called the lateral faces . 

The common vertex of the lateral faces is called the 
vertex of the pyramid , 

The intersections of pairs of lateral faces are the 
lateral edges . 

The perpendicular distance from the base 

is called the altitude^ 



re 



A pyramid is classified by the type of polygon which 
is its base„ 

A pyramid whose base is a triangle is a triang ;u lar 
pyramid . 

A pyramid whose base is a square is called a square 
pyramid . 




PROPERTIES OF PYRAMIDS 

To develop an under- 
standing of the 
properties of pyramids 



regular pyramid A regular pyramid is a pyramid whose base is a 

regular polygon and whose lateral faces are 
congruent triangles „ 

The slant height of a regular pyramid is the 
altitude of any of its lateral faceso 



The The slant heights of a regular pyramid are equals 

Th, The lateral faces of a regular pyramid are enclosed by 
congruent isosceles triangles. 
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The The altitude of a regular pyramid passes through the 
center of the basee 



frustum of a pyramid A frustum of a pyramid is the portion of 

a pyramid between the base and a plane 
parallel lo the base. 

The bases of the frustum are: 
le the base of the pyramid 
2e the section made by the intersection 
of the plane and the pyramid^ 

The lateral faces of a frustum of a 
pyramid are trapezoid So 

truncated pyramid A truncated pyramid is the portion of a 

pyramid between the base and a plane oblique 
to the baseo 
The bases are; 

1. the base of the pyramid 
2o the section made by the intersection 
of the plane and the pyramid. 

The lateral faces of a truncated pyramid arc 
trapeziums,. 
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1 

A (200) 

B (ill - 115) 

C (10. 277) 

D (270 - 275) 

E (276 - 277, 

444 - 445 ) 

F (276, 518) 

G (40 - 42 ) 


The teacher should use any models available. 

The teacher will need to use good judgment in selecting an 
adequate number of appropriate exercises from the references 
listed. 
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Unit VI - Inequalities (lO sessions) 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



INEQUALITIES 



To develop an under- 
standing of the 
terminology for the 
order of inequalities 



AXIOMS OF INEQUALITY 



To develop an under- 
standing of the axioms 
of inequality 



inequalities of the .same order 



Two inequalities are of the same 
order if the same inequality 
sign is used in both 
inequalities 0 



,ri 



6 > 5 is in the same order as 

7 > 2 . 



inequalities of the opposite order Two inequalities are of the 

opposite order if the greater 
inequality sign is in one 
inequality and the lesser 
inequality symbol is in the 
other inequality^ 



6 > 5 is in opposite order from 
2 < 7o 



Addition axiom (equal and unequal quantities) If equal 

quantities are added to unequal quantities j 
the sums are unequal in the same order,, 



2 . 



Addition axiom (unequal quantities) If unequal quantities 

are added to unequal quantities of the same 
order, the suras are unequal in the same order, 



3 , 



Subtraction axiom (unequal quantities minus equal quantities) 

If equal quantities are subtracted from 
unequal quantities, the remainders are 
unequal in the same order „ 



Subtraction axiom (equal quantities minus unequal quantities) 

If unequal quantities are subtracted from 
equal quantities, the remainders are 
unequal in the opposite order^ 



4a„ Corol. Supplements or complements of unequal angles are 
unequal in the opposite order « 








Unit VI - Inequalities 



REFERENCES 



SUGGESTIONS 



A (300 - 303) 
C (197 - 199) 
D (m - 178) 
E (487 - 490) 
F (101) 



Examples: 

lo If a > b, then a + x > b + 



2. If a > b, and c > d, then a + c > b + d. 



3c If a > b, then a ~ x > b - x< 



4. If a > b, then x a < x - b< 



4a. If /A > IB, then (90° - /A) < (90° - /B). 
If Jk < IB, then (180° - /A) > (180° » £B) 



8 > 5 

10 > 7 

5 > 2 
+ > 8 ) 
14 >10 

9 > 6 

- iL-Ji) 

5 > 2 



7 « 7 

2 < 4 
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Unit VI - Inequalities 
TOPICS AND OBJECTIVES 



CONCEPTS^ VOCABULARY, SYMBOLISM 



5o Multiplication <ixiom If unequal quantities are multiplied 

by positive equal quantities, the products 
are unequal in the same order „ 

If unequal quantities are multiplied by 
negative equal quantities, the products are 
unequal in the opposite order „ 



6o Division axiom If imequal quantities are divided by 

positive equal quantities, the quotients 
are unequal in the same order,, 

If unequal quantities are divided by 
negative equal quantities, the quotients 
are unequal in the opposite order o 

7o Transitive axiom If three quantities are so related that 

the first is greater than the second and 
the second is greater than the third, 
then the first is greater than the third. 

So Powers and roots axiom Equal positive powers of positive 

unequal quantities are unequal in the 
same order „ 

Equal positive roots of positive unequal 
quantities are unequal in uhe same order^ 

9o Axiom of the whole The whole is greater than any of its 

parts. 
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Unit VI - Inequalit ie s 



REFERENCES 



SUGGESTIONS 



5o If a > b, then ax > bx, where x > 0, 



If a > b, then ax < bx, where x < 0. 



6o If a > b, then ^ where x > 0, 
If a > b, then x ^ x» ^here x < 0^ 



4 > 3 
20 > 15 

4 > 3 
X 1^5 -5) 

-20 <-15 

2^2 

8 

“2 -2 



7o If a > b and b > c, then a > S > 5 and 5 > 3, -chen 8 > 3, 



So If a > b and a > 0 and b > 0, then a^ > b^. 

25 > 16, then 625 > 256, 

If a > b and a > 0 and b > 0, then -«/a > V5. 

25 > 16, then 5 > 4« 

9o If a = b + k, then a > b and a > k, 

9 = 4+5, then 9 > 4 and 9 > 5o 





Unit VI ~ Inequalities 




TOPICS AND OBJECTIVES 


CONCEPTS, VOCABULARY, SYMBOLISM 


THEOREMS OF 
INEQUALITY 

To develop an under- 
standing of theorems 
involving inequalities 


Th. (prove formally) If one side of a triangle is extended, the 
exterior angle formed is greater than either of the remote 
interior angles ^ 









Unit VI " Inequalities 



A 

C 

D 

S 



REFERENCES 



(303 - 304, 
308 - 311) 

(200 - 203) 

(178 - 183) 

(490 - 495) 



Tho 



SUGGESTIONS 



If one side of a triangle is extended, the exterior angle 
formed is greater than either of the remote interior 
angles 

Given: ^ ABC with AC extended to 




Plan: Let E be the midpoint of BC;, 

Draw AE and extend AE to F so that AE = EF„ 
Draw CFo 



Proof 



Statements 






Reasons 


1, BE = EC 




lo 


A midpoint divides a line 
segment in two equal parts. 


2. AE = EF 




2„ 


So drawn 


3. /BEA = j/CEF 




3o 


Vertical angles are equal. 


u, A aeb ^ A 


FEC 




So3Lo So = So3-o S* 


5. /B = /ECF 




5. 


C.poC.t.e. 


6. /BCD = /ECF 


+ /FCD 


6, 


Axiom of the whole 
(equalities) 


7. /BCD = /B + 


/FCD 


7o 


Substitution axiom 


8. /BCD > /B 




8„ 


Axiom of the whole 
(inequalities) 



The proof that /BCD > /BAC is similar to the above proofs 
This theorem is proved without the use of the corollary; 

'*The exterior angle of a triangle is equal to the sura of the 
remote interior angles," and should be presented to the 
pupils in the above manner^ 



107 




Unit VI ~ Inequalities 
TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



Th. If two sides of a triangle are unequal, the angles opposite 
those sides are unequal in the same order. 



Tho If two angles of a triangle are unequal, the sides opposite 
those angles are unequal in the same order. 



Corol. The sum of any two sides of a triangle is greater than J 1 
the third side, 

Th, The sum of the face angles of a polyhedral angle is less 

than 360® o T 1 

U 

i 

jl 

iJ 

I 

D 

D 

|] 




i 
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Th, The sum of any two face angles in a trihedral angle is 
greater than the third face angle. 




Corolo 



The sum of any (n ^ l) face angles in a polyhedral angle 
with n faces is greater than the nth face angle. 




REFERENCES 



Unit VI Inequalities 



SUGGESTIONS 



A (324) 

B (62 - 65) 

G (88 - 91) 



These theorems may be proved indirectly as an exercise. 



To help pupils see this theorem intuitively, a simple but very 
helpful model may be madeo 

^se^a piece of plywood board of approximately equal length and 
width, rubber bands or elasticized strj.ng, and thumbtacks. 

o Fasten three thumbtacks to the board to represent three non-- 
collineaf points A, B, and C in plane M. (See Figure #1„) 

• Use three broken rubber bands or three pieces of elasticized 
strings 

o Tie one end of each piece to each of the three tacks. 

Tie the other ends together at point D and mo.ke a loop at 
this conjunct ur So 

Grasp the loop between the thumb and forefinger and pull it 
up and down^ 

This will show that while the three lines meeting at D are 
in the plane, the sum of the angles formed is 360®„ But as 
soon as a polyhedral angle is formed by pulling the loop up, 
the sum will be less than 360°„ (See Figure #2.) 






If two face angles of a trihedral angle are known, the limits of 
the third face angle can be found as follows; 

lo Lower limit Subtract the smaller of the two knovm face 
angles from the larger o 
2. Upper limit. Add the two face angles. 

a. If the sum of the known face angles is less than 180®, 
the sum is the upper limit., 

b„ If the sum of the known face angles is greater than 
180® y subtract this sum from 360® to obtain the upper 
limit . 
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Unit VI - Inequalities 
TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 








REFERENCES 



Unit VI °° Inequalities 



SUGGESTIONS 



,! Young, ?o The 
Nature of Regular 
Polyhedra * Infinity 
a nd Beyond « An 
Introduction to 
Groups . (1-8) 



lERiC 



The concept of a limit may be explained concisely by stating 
that a* quantity may come very close to being a certain amount 
but can never quite reach that amo\int. 

In testing whether any combination of angles can be face angles 
of a polyhedral angle, ask: 

1„ Is the sum of all the angles < 360®? 

2c Is the sum of any (n - 1) face angles > the nth face 
angle? 

Have pupils complete the second and third columns of this table,, 



Can a polyhedral angle 
be formed from: 


Sum of the 
face angles 


Aj'.swer 


three equilateral triangle.- 3 ? 


lao® 


I S3 


four equilateral triangles? 


240® 


Yes 


five equilateral triangles? 


o 

O 

O 


Yes 


six equilateral triangles? 


360® 


No 


seven equilateral trianglSii? 


420® 


No 


three squares? 


O 

o 

1 


Yes 


four squares? 


360° 


No 


five squares? 


450® 


No 


three regular pentagons? 


324" 


Yes 


four regular pentagons? 


432® 


No 


three regular hexagons? 


360® 


No 


four regular hexagons'? 


0 

O 

CO 

-4- 


No 

1 


three regular heptagvCns‘?’ 


,38'/^ 

i 


No 

1 



From this table, pupils will conclude that it is impossible to 
form a polyhedral angle using more than five equilateral 
triangles, more than three squares, or more than three regular 
pentagons. No polyhedral angles may be formed using all regular 
hexagons, heptagons, octagons, and so on. 

This development should lead pupils to conclude that there are 
only five regular polyhedrons. 
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UNIT VII 



RATIO AND PROPORTION 



5 Sessions 



Unit VII - Ratio and Pr‘oportion (5 sessions) 



: i 



TOPICS AND OBJECTIVES 



RATIO AND PROPORTION 



F 



CONCEPTS. VOCABULARY „ SYMBOLISM 



To reinforce the 
basic concepts of 
ratio and proportion 



ratio The ratio of one quantity to another quantity is their 
quotient,, 

The quotient is obtained by dividing the first quantity 
by the second quantity. 

One does not find the ratio of one object to another but 
rather the ratio of two numbers which are the measures 
of the objects. 

The symbol for ratio is The ratio of a to b may 

be written ~ or aib. 

D 

proportion A proportion is a statement of equality of two 
ratios. Four quantities are in proportion when 
the ratio of tne first pair equals the ratio of 
the second pair. 




lU 



This is written as; ^ or ar.b - c;d. 

It is read as;, a divided by b equals c divided by d 

or 

a is to b as c is to d. 

In this proportion ay b, c, and d are respectively 
the fir sty second, third, and fourth terms. 

extremes The first and fourth terms are called the extremes of 
the proportion, 

means The second and third terms are called the means of the 
proportion. 







REFEREfJCES 



Unit VII 
SUGGESTIONS 



(327 - 329 , 334 , 
336 - 341 ) 



(205 - 207 ) 



(309 - 316 ) 



Ratio and Proportion 



(259 - 260 , 
263 - 267 ) 

(229 - 237 ) 
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Unit VII ” Ratio and Proportion 
TOPICS AND OBJECTIVES 



PROPERTIES OF 
PROPORTIONS 



CONCEPTS;, VOCABULARY, SYMBOLISM 



To develop an appre- 
ciation of the 
relationships con- 
cerning proportions 



1, In any proportion, the product of the extremes is equal to 
the product of the meanSc, 

2o If the product of two non-zero numbers is equal to the 
product of two other non-zero numbers, the members of one 
pair may be made the means in a proportion and the members 
of the other pair may be made the extremes of a proportion^ 



3o If the numerators of a proportion are equal, the denominators 
are equalo The converse of this is true,, 

4o If three terms of one proportion are equal respectively to 
the three corresponding terms of another proportion, the 
remaining terms are equal.. 



5o The terms of a proportion are in proportion by alternation; 
that, is, the first term is to the third as the second is to 
the fourth o 




6o The terms of a proportion are in proportion by inversion; 

that IS, the second terra is to the first as the fourth is to 
the third„ 

7o The terras of a proportion are in proportion by addition; 
that is, the sum of the first and second terms is to the 
second term as the sura of the third and fourth terms is to 
the fourth., 
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So 

9 „ 



The terras of a proportion are in proportion by subtraction; 
that is, the first term minus the second is to the second 
as the third Lerm minus the fourth is to the fourth^ 




In a series of equal ratios, the ratio of the sum of the 
numerators to the sum of the denominators is equal to the 
ratio of any numerator to its denominator. 






REFERENCES 



Unit VII “ Ratio and Proportion 

SUGGESTIONS 

£L C 

1. f =* 

2, If ef =a gh, then g “ f ^ wsH as others. 



3. 

4o 

5. 

6 . 

7. 

8. 
9. 



If ^ then X = y, -”tf ^ - ||i then x 



t “ f » t X = y. 



T« a c a b 

b “ d» c = d« 



Iff 



£ 4.U ^ ^ 

d» a = c« 



a 

If b 



c ., a 4- b c 4- d 
d» then b ~ d < 



^«a c^, a”b c»d 

If b = d* “T" = ~d“' 



ace 
If ” = “ = “• = 
b d f 



0 o o 



m 

n» 



then 



a 4- c 4- e 4- 



b 4- d 4- f 4- 



n ** b 



9 9 0 



m 

n 



y. 



117 



Unit VII Ratio and Proportion 



TCFICS AND OBJECTIVES 



CONCEPTS j VOCABULARY „ SYMBOLISM 



[ 



li 



I 




fourth propor tional Tne fourth term of a proportion is called 

the fourth proportional to the other three 
terms^ 




mean proportional When the means of a proportion are the samcj, 

either of them is called the mean proportional 
between the other twOo 



square root The square root of a n!.iniber is one of two equal 

factors of the number „ 

The symbol for square root is 

proportional line se/nnents Two lines are dividea proportionally 

if the segments of one have che same 
ratio as the corresponding segments 
of the other., 




Uni':, VIi ■ Rqlio and Proportion 



A 

C 

D 

E 



REFERETJCES 



SUGGSSTICIJS 



A line segment is divided by the golden section if the ratio of 
the shorter section to the longer section is equal to the ratio 
of the longer section to the whole line segment^ 



a ^ 

b a + b 



Cl 






b 



(341 - 344 ) 
( 208 , 216 ) 
(316 - 321 ) 
(261 - 263 ) 



A line segment is .said to be most harmoniously divided when it 
is divided into extreme and mean ratio by the golden section" 
Using these sections to make a rectangle, this rectangle is more 
pleasing to the eye than any other rectangle^ 

The Greeks credit Pythagoras with the discovery of the golden 
section^ 

Many famous painters have used the golden section in their work 
Leonardo da Vinci, I-lichelangelo, Botticelli, and Dali are a fewl 
Mother Nature uses the golden ratio in the design of the 
sunflower, the starfish, and others, 

Filmo Donald in Mathmagic Land (26 mine Color) 

Walt Disney 

Mr„ Charles Jessen 
237 W„ Northwest Highway 
Park Ridge, Illinois 

An entertaining film- “excellent material on applications 
of ratio and proportion, particularly the golden ratio,, 



T.eacher note-, The third proportional is the fourth term in 

a proportion having means which are the same 
n'linber^. 

Do not confuse third proportional with the 
third te:mo 



CONCEPTS, VOCABULARY, SYMBOLISM 



if 



Unit VII - Ratio and Proportion 



TOPICS AND OBJECTIVES 



PROPOSITIONS INVOLVING 
RATIO AImD PROPORTION 



To develop the ability 
to discuss certain 
theorems and 
postulates involving 
ratio and proportion 



Postulates A line parallel to one side of a triangle and 

intersecting the other two sides divides the sides 
into proportional segment Sc, 

Corolo On any two transversals, three parallel lines cut off 
segments, which when taken in the same order, have the 
same ratio^ 



Tho The bisector of an interior angle of a triangle divides 
the opposite side into segments proportional to the 
j adjacent sideso 

! Postulate.; If a line divides two sides of a triangle propor- 
tionally, it is parallel to the third sidoc 

Th. If two or more straight lines are cut by three or more 
parallel planes, their corresponding segments arc 
proportional. 

The If a pyramid is cut by a plane parallel to the base and 
not passing through the vertex, the lateral edges and 
altitude are divided proportionally* 








Sira 



-:-lt VII - Ratio and Proportion 

SUGGESTIONS 



REFERENCES 



A (330 - 333, 335, 

347 - 354) 

B (44 - 45, 116 - 

120, selected 
exercises) 

C (210 - 211, 

214 - 

217 - 221 ) 

D (322 - 327) 

E (268 - 272, 

276 - 278) 

G (83 85) 



Have the pupil prepare a list of ways to prove line segments 
proportional;, 



Add this postulate to the sunuriary of ways for proving ^ 
parallels 



Given: pyramid V- ABODE, 
altitude VP, 
plane R parallel to the 
base and cutting the 
lateral edges at 
A\ B\ C\ D\ and E\ 



To prove:. 



VP: 

VP 



M” IS' 

VA " VB 



VC 




The complete theorem has three conclusionso 

If a pyramid is cut by a plane parallel to the base and not 
passing through the vertex, 

1„ the lateral edges and altitude are divided proportionally 
2o the section is a polygon similar to the base 
3o the area of the section i.3 to the area of the base as 
the square of its distance from the vertex is to the 
square of the altitude of the pyramid „ 

The second conclusion will be discussed in the unit on similar 
polygons. 

The third conclusion x/ill be discussed in the unit on areas of 
polygons ^and circles. 

The teacher should use good judgment in the selection of 
exercises from the references listed. 
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UNIT VIII 
SIMILAR POLYGONS 



lU Sessions 






Unit VIII “ Similar Polyg ons (14 sessions) 



TOPICS AND OBJECTIVES 



SIMILAR POLYGONS 



To develop an under- 
standing of similar 
polygons 



To develop an under- 
standing of theorems 
involving similar 
triangles 



CONCEPTS, VOCABULARY, SYMBOLISM 



similar polygons Similar polygons are polygons whose corre- 
sponding angles are equal and whose corre- 
sponding sides are in proportion. 



The symbol for similar is 






Thp (prove formally) Two triangles are similar If two angles 
of one are equal to two angles of the other. 



Coroly Two triangxes are similar if their corresponding sides 
are parallel., 



Corolo Two right triangles are similar if an acute angle of 
one is equal to an acute angle of the other., 



Th. 



Two triangles are similar if an angle of one is equal to an 
angle of the ot-her and the sides including these angles are 
in proport ion o 



Th, 

Th. 



TVo triangles are similar if their corresponding sides are 
in proportion. 



Corresponding altitudes, medians, and angle bisectors of 
similar triangles have the same ratio as any two 
corresponding sides., 



Th, 

Th, 



The ratio of the perimeters of two similar polygons is 
equal to the ratio of any pair of corresponding sides. 



If two polygons are composed of the same number of 
triangles, similar each to each and correspondingly placed^ 
the polygons are similar. 



Th, 



If a pyramid is cut by a plane parallel to tne base and 
not passing through the vertex, the section formed is a 
polygon similar to the base.. 






I; 



D 



0 



4 

Di 



, 1 




REFERENCES 



Unit VIII - Similar Polygons 

SUGGESTIONS 



A 

B 

C 

D 



(355 - 366, 390) 

( 116 ) 

(223 - 238) 

(328 - 333, 

337 - 339) 



Note that neither condition alone is sufficient to insure that 
the two polygons are similar,, 

A square and a rectangle satisfy the condition that the 
corresponding angles are equal but the figures are not similar, 
A square and a rhombus satisfy the condition that the 
corresponding sides are in proportion but the figures are not 
similar. 






E (291 •“ 303) 




(238 » 258 ) 



0 (84) 



Film: Similar Triangles in Use (ll rain, ^ Color) 

International Film Bureau 
332 S, Michigan Avenue 
Chicago 4, Illinois 

Good story film — illustrates practical applications of 
similar triangles. 





Unit VIII ° Similar Polygons 



TOPICS AND OBJECTIVES 



CONCEPTS. VOCABULARY. SYMBOLISM 



PROJECTION 



To clarify the concept 
of projection with 
respect to points, 
lines, and planes 



projection of a point on a line The projection of a point on 
a line is the foot of the perpendicular drawn from 
the point to the linOp 



projection of a line seigment on a line The projection of a 
line segment on a line is the segment included 
between the projection of the end points of the given 
line segment on the given line. 



projection of a point on a plane The projection of a point on 
a plane is the foot of the perpendicular drawn from 
the point to the plane,, 

The perpendicular is called the projecting line . 

The plane is called the plane of projection o 



projection of a line segment on a plar.e The projection of a 
line segment on a plane is the segment whose end 
points are the projection of the end points of the 
given line segment on the plane. 



projection of a curve on a plane The projection of a curve on 
a plane is the projection of each point hi the 
curve on the plane. 



n 



ij 







REFERENCES 



B 

C 

E 

F 

G 



(54 - 5b') 
(108 - 109 ) 
(307) 

(259) 

(81 - 83 ) 



lERiC 



Unit VIII Similar Pol\ /ons 



SUGGESTIONS 



The projections referred to here are orthogonal projections. 

In the first drawing below, the projection of P on m is Q„ 

In the second drawing P is its own projection on m. 

In the other drawings the projection of CD on m is AB, CE, and 
FG respectively, ^ 

pt c ^ 




( 2 ) 



JIL 



P 




In the drawings below, R is the plane of projection, AB Is the 
given line segment (or curve), and CD is the projection of AB„ 





A different type of projection, namely a central projection, is 
made by starting with a fixed point outside of the given point or 
line segment, and from the fixed point projecting lines thro-ogh 
every point of the given line segment onto the plane of 
projection, as shown in the drawing. 



P is the outside point. 

AB is the given line segment, 
LN is the projection. 







B 
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Unit VIII - Similar Polygons 
TOPICS AI^D OBJiSCTIVES 



RIGHT TRIANGLES 



CONCEPTS j VOCABULARY, SYMBOLISM 



To develop an under- 
standin/? of theorems 
pertaining to the 
right triangle 

To develop the ability 
to prove these 
theorems through the 
use of similar 
triangles 



Th, (prove formally) If the altitude is drawn to the hypotenuse 
of a right triangle, the two triangles formed are similar to 
the given triangle and to each other, 

Corol. Either leg of a right triangle is the mean proportional 
between the hypotenuse and the projection of that leg 
on the hypotenuse, 

Corol, The altitude drawn to the hypotenuse of a right triangle 
is the mean proportional between the segments of the 
hypotenuse. 



Tho (prove formally) In any right triangle, the square of the 
hypotenuse is equal to the sum of the square of the legs, 
(Pythagorean Theorem) 







B 



D 

B 



0 

II 



I 

I • 



& 
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Unit VIII - Similar Polygons 



REFER0ICES 



SUGGESTIONS 



(374 

390 



389p 

393) 



C 

D 

E 



(239 

(342 



256 ) 

350) 



(308 

330 



324, 

338) 



(260 290) 



Glenn, W. H. and 
Johnson, D. A, The 
Pythagorean Theorem , 



Kline, Morris „ 
Mathematics in Western 
Cultured (8-9, 32“41) 



lERiC 



Problems pertaining to projections should be assigned to pupils 
upon completion of theorems concerning the right triangle. 



The discovery of the proof of the '''right triangle” theorem is 
credited to Pythagoras, a Greek mathematician and founder of a 
secret society. 

There are over 1,000 different proofs of this theorem. 

Among the authors of such proofs are Napoleon Bonaparte and 
President James A, Garfield, 

The Pythagorean Theorem , a book by E, S, Loomis, contains over 
370 of these proofs, 

A good pupil project is “Other Proofs of the Pythagorean Theorem”, 
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CONCEPTS, VOCABULARY, SYMBOLISM 




Unit VIII " Similar Polygons 



:> 



rOPICS AND OBJECTIVES 



Tho 



(prove formally) If the sum of the squares of 
a triangle is equal to the square of the third 
triangle is a right trianglOo 
This is the converse of the previous theorem. 



two sides of 
side, the 




REF'ERENCES 



Unit VIII - Similar Polygons 

SUGGESTIONS 



the sum of the squares of two sides of a triangle is equal to 
t^e square of the third side, the triangle is a right triangle., 



Given: A ABC with sides a, b, and c 
and = a^ + 

To prove: ABC is a right triangle. 

Plan; Draw a right triangle A^B'C” 
with legs equal to a and b 
and with hypotenuse x„ 

(Right angle at C')o 




Proof 

Statements 
lo a^ + b^ = 

2o a^ + b^ = 



4 o c = X, c > 0 

5o A^ABC = ^ A’B'C’ 

6o £C = 

7o /C° is a right angle 
So JC ±s a, right angle 
9o is a right triangle 



Reasons 



lo Given 

2o In a right triangle the 
square of the hypotenuse 
equals the sum of the 
squares of the two legs., 
3o Transitive axiom 
4. Powers and roots axiom 

5o &oS,s, ” s.s.So 
bo CoPQC.,t.eo 

7o Given 

So Substitution axiom 
9o Definition of a right 
triangle 









Unit VIII Similar Polygons 
TOPICS AND OBJECTIVES 



Corol„ 

Corel. 



[ 



CONCEPTS, VOCABULARY, SYMBOLISM 



In any isosceles right triangle (45® “ 45° 90®) the L 

ratio of the hypotenuse to either leg is '/^ol. 

In any 30 ® - 60 ° “ 90 ® right triangle: 1,; 

lo the ratio of the hypotenuse to the shorter leg is ^ 

2 : 1 . 

2. the ratio of the hypotenuse to the longer leg is r 
2:*'^” (or 2i^'o3)o 

3c the ratio of the longer leg to the^ shorter leg is 

: 1 u n 



[ 



0 



Tho The square of the diagonal of a rectangular prism is equal 
to the sum of the squares of the three dimensions . 
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Unit/ VIII ■= Similar Polygons 



REFERETJCES 



SUGGESTIONS 



Pupils should be given enough exercises pertaining to the 
45“45“90 degree right triangle and the 30-60-90 degree right 

that the relationship between the sides becomes 
firmly established .. 

Having pupils memorize the diagrams below will aid in the 
understanding and retention of these relationships. 

The continued recurrence of these specific relationships in 
more advanced mathematics courses amply justified requiring 
their memorization, ° 




B (93 “ 95 selected 
exercises) 

E (inserts between 

312 and 33.3, 

339) 

F (inserts between 

272 and 273) 




The proof of the ^*three- dimensional Pythagorean theorejm'* is 
simple and may be done as an exercise. 



'♦The sum of the bases of any trapezoid is equal to zeroT' is 
the title of an interesting fallacy problem which may be 
offered as a challenge to superior pupils. 

This is a difficult problem. 

The fallacy and its solution may be found in the appendix. 



UNIT IX 



CIRCLES AND SPHERES 



22 Sessions 



Unit IX “ Circles and Spheres (22 sessions) 
TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



CIRCLES AND SPHERES 

To develop an imder- 
standing of the 
vocabulary pertaining 
to circles and spheres 



circle 



A circle is the set of points in a plane which are 
equally distant from a fixed point in the plane called 
the c enter „ 

A circle separates the set of points in a plane into 
three disjoint subsets”, the circle itself, the interior 
of the circle, and the exterior of the circle. 

The symbol for circle is 0 



interior of a circle 



The Interior of a circle is the set of all 
the points in the plane of the circle 
whose distance from the center is less 
than the radius o 



exterior of a circle 



The exterior of a circle is the set of all 
the points in the plane of the circle 
whose distance from the center is greater 
than the radius. 



radius (plural radii) A radius of a circle is a line segment 

from the center of a circle to any point 
in the circle. 



diameter The diameter of a circle is a line segment which 

passes through the center of the circle and whose end 
points are in the circle. 



arc 



An arc is the union of two points in a circle and all the 
points in the circle between them. 

An arc is a subset of a circle. 

The symbol for arc is 

An arc is named by its end points. 



semicircle 
minor arc 
major arc 



A semicircle is an arc which is half of a circle, 
A minor arc is an arc less than a semicircle, 

A major arc is an arc greater than a semicircle. 
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REFERENCES 



(2, 3, 206 - 209, 
225, 235, 314) 

(144 - 154 
selected 
exercises) 

(351 - 352, 452) 

(209 - 215) 

(14 - 15. 

341 - 343) 

(68 - 70 . 

71 - 79 selected 
exercises, 

322 - 327) 

(53) 



Unit IX •» Circles and Sphe -ea 



SUGGESTIONS 



To avoid confusion when naming minor arcs or major arcs, use 
at least three letters to name major arcs. 

Minor Arc 







is the minor arc, 






ADB is the major arc. 
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Unit IX Circles and Spheres 



CONCEPTS, VOCABULARY, SYMBOLISM 



sphere 



A sphere is the set of all points in space which are 
equally distant from a fixed point called the center, 

A sphere separates all the points of space into three 
subsets" all the points in the sphere,, all the points 
in the interior of the sphere, and all the points in 
the exterior of the sphere „ 



radius 



A radius of a sphere is a line segment from the center 
of the sphere to any point in the sphere. 



diameter 



A diameter of a sphere is a line segment which 
passes through the center of the sphere and whose 
end points are in the sphere. 



hemisphere A hemisphere is half a sphere, 



I 
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Postulate:: The diameter bisects the circle and conversely. 

Postulates A straight line cannot intersect a circle or a 
sphere in more than two points, 

equal circles ( spheres ) Equal circles (spheres) are circles 

(spheres) having equal radii or equal diameters. 
All radii and all diameters of the same or equal 
circles (spheres) are equal. 



concentric circles ( spheres ) Concentric circles are circles in 

the same plane with the same center and with 
unequal radii. 

Spheres are concentric if they have the same 
center and unequal radii, 

chord A chord is a line segment connecting any two points in 
a circle (sphere), 

secant A secant is a line which intersects a circle (sphere) in 
two points. 



tangent 



A tangent to a circle is a line which is coplanar with 
the circle and has only one point in common with the 
circle, 

A tangent to a sphere is a line which has only one 
point in common with the sphere. 

The common point is called the point of tangency or 
the point of contact , 

A plane is tangent to a sphere if it has one and only 
one point in common with the sphere. 




o 




Unit IX - Circles and Spheres 



REFERENCES 



SDCGESTIONS 



Note that the sphere is the surface , not the portion of space 
enclosed bj the surface. 






Plane Tangent 
to a Sphere 
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Unit IX - Circles and Spheres 



TOPICS AND OBJECTIVES 



THEOREMS ON CIRCLES 
AND SPHERES 



To develop an under- 
standing of certain 
theorems pertaining to 
chords and arcs of a 
circle 
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CONCEPTS, VOCABULART, SYMBOLISM 



line of centers 



The line of centers of two coplanar circles 
(two spheres) is the line segment joining the 
centers of the circles (spheres) <, 



central angle 



The central angle of a circle (sphere) is an 
angle whose vertex is the center of the circle 
(sphere) and whose sides are radii of the 
circle ( sphere )o 



equal arcs Equal arcs are arcs in the same or equal circles 
which subtend equal central angles^, 



Since a definition is reversible, this means that 
in the same or equal circles equal arcs subtend 
equal central angles and equal central angles 
intercept equal arcs ^ 



midpoint of an arc The midpoint of an arc is the point in the 

arc which divides it into two equal arcs. 



unequal arcs 



Unequal arcs in the same or equal circles subtend 
unequal central angles, the longer arc subtending 
the greater central angle. 



Since a definition is reversible, this means that 
in the same or equal circles unequal minor arcs 
subtend unequal central angles of the same order 
and unequal central angles intercept unequal m-inor 
arcs of the same order. 



Tho In the same circle or in equal circles, equal chords have 
equal arcs. 



Corol. In the same circle or in equal circles, the longer of 
two chords has the longer minor arc. 



Th. In the same circle or in equal circles, equal arcs have 
equal chords. 



Corol. In the same circle or in equal circles, the longer of 
two minor arcs has the longer chord. 



Th. If a line through the center of a circle is perpendicular 
to a chord, it bi^^ects the chord and its arc. 



Corol. A line through the center of a circle and bisecting a 
chord (not a diameter) is perpendicular to the chord. 
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Unit IX - Circles and Spheres 


REFERENCES 


SUGGESTIONS 



The central angle AOB is said to intercept the arc ABo 
The arc AB is said to subtend the central angle AOB, 




Pupils should periodically add to their lists of ways to prove 
line segments equal, ways to prove angles equal, and others„ 
They should now begin a list of ways to prove arcs equals 



(209 - 213 , 
315 - 316 ) 
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Unit IX - Circles and Spheres 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 
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Th< 



The perpendicular bisector of a chord of a circle pasees 
through the center of the circleo 



Th< 



The perpendicular bis«^ctors of two non- parallel chords of 
a circle intersect at the center of the circle. 



Th. 



In the same circle or in equal circles, equal chords are 
equally distant from the center « 



Corol, In the same circle or in equal circles, unequal chords 
are unequally distant from the center, the longer chord 
being the nearer. 



The In the same circle or in equal circles, chords equally 
distant from the center are equal. 



Corol. 



In the same circle or in equal circles, chords unequally 
distant from the center are 'unequal, the chord nearer 
to the center being the longer. 



Th, If two circles intersect, the line of centers is the 
perpendicular bisector of the common chord. 
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REFERENCES 



Unit IX - Circles 

SUGGESTIONS 



and Spheres 



Th© thsorcm conc6i*ning th© pGrpendxcnXaz* bis©cto!rs of two nonr* 
parallel chords may be proved as an exercise. 

In the unit on constructions this theorem may be used to find 
the center of a circle. 



This theorem may be proved as an exercise. 
Use congruent triangles. 



Unit IX - Circles and Spheres 
TOPICS AND OBJECTIVES 



To develop an under- 
standing of certain 
theorems involving 
tangents to circles 
and spheres 



Th„ 



CONCEPTS, VOCABULARY, SYMBOLISM 




(prove formally) If a line is tangent to a circle, it is 
perpendicular to the radius drawn to the point of tangency* 



I 



1 












Corolo A straight line perpendicular to a radius at its outer 
extremii-y is tangent to the circle^ (Line and circle 
are coplanar „ ) 

Corel. A line coplanar to a circle and perpendicular to a 
tangent at the point of tangency passes through the 
center of the circle. 

Corol. A line from the center of a circle and perpendicular 
to a tangent passes through the point of tangency. 

Th. If a plane is tangent to a sphere, it is perpendicular to 
the radius drawn to the point of tangency. 









Unit IX “ Circles and Spheres 



REFERENCES 



SUGGESTIONS 



A 


(214 


- 220, 


Given”. DE tangent to circle 0 at T„ 




221 


- 223 




OT is a radius. 




selected 

exercises) 


To 


prove: DE [__ OT 


B 


(U9 


■' 151) 


Plan: Draw a line OV to any 






point V distinct from 


C 


(356 


- 362) 




T on line DE. 
Prove OV > OT. 


D 


(224 


- 233) 






E 


(350 


- 356) 




Proof 


P 


(70) 






Statements 








1., 


DE tangent to circle 0 i. 

at T 








2. 


OV, from point V 2. 

on DE and distinct 










from T 








3o 


V is in the exterior 3. 

of circle 0. 



4o OV > OT 
5o OT 



DE 



4o 

5 . 




Reasons 

Given 

Construction 



V is not in the circle 
since a tangent has only 
one point in common with 

a circle and V is distinj;t 
from Te, 

V is not in the interior 
of the circle since a line 
joining V and T would 
intersect the circle in 
two points. 

Definition of the exterior 
of the circle. 

The shortest distance from 
a point to a line is a 
perpendicular . 



Unit IX - Circles and Spheres 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULART, SYMBOLISM 



length of a tangent to a circle from an external point The 
length of a tangent to a circle from an external 
point is the length of a segment joining the 
external point to the point of tangency,, 

Th, Tlie tangents to a circle from an external point are equal, 

Corol, If two tangents are drawn to a circle from an external 
point, they make equal angles with a line segment 
joining the point to the center of the circle, 

tangent circles Two circles are tangent to each other if they 

are coplanar and tangent to the same line 
at the same point, 

tangent spheres Two spheres are tangent to each other if they 

are both tangent to the same plane at the same 
point. 








Unit IX Cir'jles and Spheres 



REFERENCES 



SUGGESTIONS 



Note» Two spheres are not necessarily tangent to each other if 
they are each tangent to the same line at the same pointy 
See drawing,, 

Two spheres can be tangent to the same line at the same 
point and intersect in which case the spheres are not 
tangent to each other „ 




Unit IX •=■ Circles and Spheres 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



Internally tangent circles and spheres Spheres and coplanar 
circles are internally tangent if they are tangent 
and if one lies \diolly within the other. 



externally tangent circles and spheres Spheres and coplanar 
circles are externally tangent if they are tangent 
and if one lies wholly outside the other. 



common tangent 



A common tangent is a line tangent to each of 
two coplanar circles. 



If the common tangent intersects the line of 
centers, then it is a conmon internal tangent . 
If the common tangent does not intersect the 
line of centers, then it is a common external 
tangents — 



Th, If two circles are tangent to each other, their line of 
centers passes through the point of tangency. 
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Unit IX - Circles and Spheres 

SUGGESTIONS 



Do not allow pupils to confuse internally and externally tangent 
circles with common internal and external tangents. 

These circles are internally tangent. 

The line is a common external tangent. 



These circles are externally tangent. 
The line is a common internal tangent. 



A line is a common internal tangent to two circles if the circles 
lie on opposite sides of the line, 

A line is a common external tangent to two circles if the 
circles lie on the same side of the line. 

These lines are common internal 
tangents. 



These lines are common external 
tangents. 



Have the pupils discover how many common internal tangents or 
common external tangents the following have, 

1. two concentric circles 

2. two internally tangent circles 

3. two externally tangent circles 

4. two coplanar circles that intersect 

5. two coplanar circles that do not intersect nor contain 
each other 

Determine the maximum number of common internal and external 
tangents. 






REP'ERENCES 
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Unit IX - Circles and Spheres 



TOPICS AND OBJECTIVES 



To develop an under- 
standing of certain 
theorems pertaining 
to measurement of 
angles in a circle 



CONCEPTS, VOCABULARY, SY'MBOLISM 



Postulate; A central angle has the same number of degrees as 
its intercepted arc„ 



inscribed angle 



An inscribed angle is an angle formed by two 
chords drawn from the same point in a circle. 
An inscribed angle is said to intercept the 
arc between its sides 

An angle is said to be inscribed in an arc if 
its vertex is in the arc and its sides 
terminate in the end points of the arc. 



Th. 



(prove formally) An inscribed angle is measured by half 
the intercepted arc. 



Corol, 

Corol, 



An angle inscribed in a semicircle is a right angle. 



In the same or in equal circles if two inscribed angles 
intercept the same or equal arcs, the angles are equal. 



Corol, 



The circle whose diameter is the hypotenuse of a right 
triangle passes through the vertex of the right angle 
of the triangle. 



Corol. 



The opposite angles of an inscribed quadrilateral are 
supplementary. 



inscribed polygon An inscribed polygon is a polygon whose 

vertices lie in the circle. 



circumscribed polygon A circumscribed polygon is a polygon 

whose sides are Langent to the circle, 
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Unit IX - Circles and Spheres 



SUGGESTIONS 



It is advisable to review the necessary elementary al^rebra in 
order to prove theorems and exercises involving angle measurement. 

Inscribed /ABC intercepts ® and is said to be inscribed in 




Have pupils note that an angle inscribed in a minor arc is 
obtuse and an angle inscribed in a major arc is acute. 



The polygon is inscribed in the circle. 
The circle is circumscribed around 
(circumscribes) the polygon. 




The polygon is circumscribed about the 
circle. 

The circle is inscribed in the polygon. 






Th, The angle between two secants, two tangents, or a tanrent M 
anu a secant intersecting oux-side a circj.e is neasureci by 
half the difference of their intercepted arcs^ ** P 

Th, Parallel lines intercept equal arcs in a -.irc'e 

[ 

[ 
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Unit IX -■ Circles and Sph e r < 



TOPICS AT:D CBJECTms 



To develop an under- 
standing of certain 
theorems pertaining 
to spheres 



^ . rtr,.. ^ 



Th. The inter sect ic 



)n 



a pjji/.ne anc a sphere is 



.e. 
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^3 of a circle ^ of a snhere The axis of a circle of a sphere 
is the diameter of t.he sphere perpendicular to the 
plane of the circle^ 

great circle of a spnere The great circle of a sphere is the 
intersection of the sphere and a plane that passes 
through the center of the sphere. 

small circ le of a sphere The small circle of a sphere is the 
intersection of the sphere and a plane that does not 
pass through the center of the sphere. 

Corol, The axis oi a c?Lrcle of 8. sphere passes through the 
c enter of the circle. 

Corol, All great circles of the same or equal spheres are equal, 
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Unit IX - Circles and Spheres 



Given r Sphere 0 intersected by plane P, 



(454) 

(220 «• 223 ) 
(362 - 364) 
(74 “ 76) 
(54 - 56) 



To prove: The section formed is a circle^ 



Plan: 



Take any two points ^ A and B, 
the intersection of the plane 
and the sphere „ 

Draw OE perpendicular to P^, 
Draw OA, OB, EA, and EB„ 



Proof 




Statements 

1, Sphere 0 intersected by 

plane P 

2. OE _L P 

3o OA := OB 

4o OE OE 

5» /OEA and _^0EB are right 

angles, 

6. OEA and OEB are 
right triangles 

7. /\0EA=/\'0EB 

8. EA = EB 

9. The section is a circle 
with E as the center. 



Reasons 

lo Given 

2„ So constructed 

3o Radii of the sam.e sphere 
are eo.ual, 

4, Identity axiom 

5o Perpendicular lines form 
right angles, 

6, Definition of right 
triangle 

7. It, ^ h.3. = h,s, 

5, C,p,c.t,e, 

9. Definition of a circle. 

A and B are any points 
in the intersection. 



i 




! 

i 












I 



Unit IX " Circles and Spheres 



TOPICS mu OBJECTIVES 



COrCEPTS, VOCABULARY, SYMBOLISM 



To develop an under- 
standing of certain 
theorems involving 
similar polygons 
in circles 
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Corol, Three points in a sphere determine a circle, 
Corol, A great circle bisects a, sphere. 



i Th, The intersection of two spherer is a circle. 



j Th, (prove formally) If two chords intersect within a circle 
; the product of the segments of one is equal to the product 
1 of the segments of the other. 
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Unit IX “ Circles and Snhprp.<? i 


REFERENCES 


SUGGESTIONS 



A 

c 

D 

E 

F 



(367 

(374 

(334 

(396 

(345 



373 ) 

378 ) 

336 ) 

402 ) 

350 ) 



Note that the product of the line segments means the product of 
the measures of the line segmentSe 



Pupils often ask about practical applications of geometric 
concept So 

Here is an excellent example of a practical application. 



This problem might occur in any 
factory using machines., 

A gear wheel is broken during 
operation and only a fragment 
remains o 

A new wheel must be made 
immediatelyo 

The diameter of the original 
gear is unknown „ 

Can the diameter of the 
original gear be found using 
only the remaining fragment? 




SOLUTION 0 A and B are two points on the circular arc portion 
of the gear„ 

Segment AB is measured and found to be 9 inches. 

E is the midpoint of AB, 

From E a perpendicular line is drawn intersecting 

AB at C (the radpoint of arc AB)„ 

CE is measured and found to be 3 inches „ 

The diameter CD is found as follows. 

Let ED = X inches. 

Since CE ED = AE - EB, then 

3 -- 



■ x = 4^ 
81 

3x = — 



X 

■+2 



4 



x = bf 
4 



Therefore j the diameter of the wheel is 9^ inches, 







Unit IX - Circles and Spheres 



TOPICS AND OBJECTIVES 



Th. 



CCKCEPTS, VOCABULARY, SYMBOLISM 



If from a point outside a circle two secants are drawn the 
product of one secant and its external segment is eoual to 
the product of the other secant and its external RPjy*Tnen+ 



Th. If from a point outside a circle a secant and a tangent are 
drawn, the tangent is the mean proportional between the 
whole secant and its external segment; 



or 

the product of the secant and its external segment equals 
the square of the tangent. 




REFERMCES 



Unit IX “ Circles and Spheres 

SUGGESTIONS 



• A review of quadratic equations is advisable at this tirne^ 

A practical application of this theorem may be illustrated by 
the following problem" 

If one were standing at a point above the earth '^s surface, for 
example at the top of a lighthouse or a tower, and one were 
X feet up in the air, how far could one see to the horizon? 

The radius of the earth equals approximately 3i)960 miles. 

Let PK, the distance one could see to tl^ horizon, be ^d'^ miles. 



small enough to be negligible. The following formula is a 
close approximation; 



where d is the distance in miles to the horizon one can see 
when one is x feet above the surface of the earth i 
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UNIT X 



GEOMETRIC CONSTRUCTIONS 



5 Sessions 
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Unit X - Geometric Constructions (5 session 
TOPICS MD OBJECTIVES 



FUNDAMENTAL 

CONSTRUCTIONS 



s) 

CONCEPTS, 



VOCABULARY, 



SYI-IBCLISM 



To develop the ability 
to construct geometric 
figures 



^rawing A drawing is a representation on raper using a 

protractor, marked rule, compass, ‘ straightedge, or any 
other desired drawing instrument. 



construction A construction is a drawing using only a compass 

and straightedge. 



A straightedge only can be used to draw lines. 



A compass can be used to mark off equal serments 
and to construct circles or arcs of circle'^.. 

There are four steps to be followed in a ..on * 
struction problem, 

1, State the given, 

2, State what is required, 

3. State the method of construction. 

4. Prove the construction. 



Construction #1 Construct a line segment equal to a riven line 

segment. 
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REFERENCES 



(359) 



Norton, M„ Scotto 
Geometric Constructions 






A (A, 6) 









Unit X - Geometric Constructions 



SUGGESTIONS 



Neither a protractor nor the marks on a rule may be used in any 
construction problemo 



#1 Given: Line segment AB 



B 

— # 



Required : To construct 

segment RS 
equal to ABo 



R 



m 



Method; 



Draw any line m and mark any point R on it. 
Set compass with one point at A and the other 
at Bo 

Without changing the setting, place one 
point of the compass at R and mark an arc 
cutting m in S„ 



Proof 



Statement 



Reason 



AB = RS 



Radii of the same or 
equal circles are equals 
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Construction #2 
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'.'CKCEPTS, VCCARULARY, SYKBOLISM 



Construct the perpendicular bisector of a 
piven line segment. 

This construction is also satisfactory for 
bisecting a given line segment. 
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Unit X Geonetric Constructions 



REFERENCES 



SUGGESTIONS 



(5» 27 - 28) #2 Given: Line segment AB 







A 




B 



Required: To construct the 



perpendicular 
bisector of AB 



Method: Open the compass to any position 



greater than one- half AB„ 

With one point of the compass at A, 
describe an arc above and below AB„ 

With the same setting, place one point of the 
compass at B and describe an arc above and below 
AB intersecting the first arcs at P and Q. 
Connect P and Q„ 



Proof 



Statements 



Reasons 



lo AP « BP 



lo All radii of equal 
circles are equalo 



2. AQ = BQ 



All radii of equal 
circles are equals 



3 c PQ is the perpendicular 
bisector of AB„ 



3o Two points each equally 
distant from the end 
points of a given line 
segment determine the 
perpendicular bisector 
of the line segment. 




Unit X ~ Geometric Constructions 



TOPICS ATJD OBJECTIVES 



CONCEPTS, VCCABUL.a=y^ 3Y:-:BCLI3M 



Construction ^3 To construct an angle eoua] tc i 



'ir r 



Construction To bisect a given angle. 



Construction ^5 To construct a line perpendicular to a ri 



.v?r. 



line at a riven noint in the 



T V 



ir 



Construction ^6 To construct a line perpendicular to a given 

line from a given ooint not in the line. 
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Unit X » Geometric Constructions 



A 



A 

A 



REFSREMCES 



(19. 118) 



#3 



Given: 



/ABC 



SUGGESTIONS 



Required;; To construct an angle equal to /ABC 
Method: Draw ray ED<, 

Place one point of the compass at B and with any 
convenient setting describe an arc intersecting 
the sides of the angle at G and He 
With the same setting, place one point of the 
compass at E and describe an arc intersecting 
ED at Xo 

Place one point of the compass at G and the other 
point at He 

With the same setting place one point of the 
compass at K and describe an arc int-ersecting 
the other arc at J, 




Statements Reasons 

le BG = EK 1. All radii of equal circles 

are equal » 

2, BH = EJ 2« Same reason as !<, 

3, GH =s KJ 3o Same reason as 1„ 

4o /N^ GBH ^ /\ KEJ kc s.SeSo = SeS. s. 

5e /ABC = /JED 5c CePeCet.Se 



(18, 117) 
(24, 118) 



A (25, 119) 
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Unit X - Geometric Constructions 



TOPICS AND OBJECTIVES 




Construction #1 To construct two triangles congruent by means of: 



a.s.a. =a a.s.a. 



S»S«S« — S«S«Sa 



s.a.s. = s.a.s. 

Since triangle congruency was postulated no 
formal proof for these constructions is 
necessary. 



Construction //S To construct a line parallel to a given line at 

a given distance from the given line. 



Construction ^9 To construct a line parallel to a given line 

through a given point not in the given line. 



Construction f/lO To divide a line segment into any number of 

equal parts. 
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Unit X •» Geometric Constructions 

SUGGESTIONS 



REFERENCES 



A (65 - 66) 



A (140) 
A (U5) 



A (191) 




§10 Given: Line segment AB 

Reouired: To divide AB into any number of equal parts, 

(For examples 5) 



Method: Draw any ray AJ at a convenient angle with AB, 

With the compass at A, and any convenient setting, 
mark off five arcs in succession on AJ so that 
AC = CD = DE = EF = FG, 

Draw BGo 

Construct lines parallel to BG (by means of equal 
corresponding angles) through F^ E, D, and C, 

These parallels intersect AB in U, T, S, and 
R respectively. 




Proof 



Statements 

1, AC = CD = DE = EF = FG 

2, BGllFUllETllDSlICR 

3c BU = UT = TS = SR = RA 



Reasons 

Ic All radii of equal 
circles are equal. 

2, If two straight lines are 
cut by a transversal so 
that the corresponding 
angles are equal, the 
lines are parallel, 

3o If three or more parallel 
lines cut off equal seg- 
ments on one transversal, 
they cut off equal seg- 
ments on every trans- 
versal. 
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REFERENCES 



( 476 ) 



#11 



Given: 



Circle 0 vrith external point 



( 369 ) 



Required: To construct tangents to circle 0 from P 



Method: Draw OPc 

Bisect OPp the midpoint of which is 

With M as a center and MO as a radius, construct 

a circle intersecting circle 0 at X and 

Draw PX and PY. 




Proof 



Statements 
1. CM = MP 



2o Circle with center at M 
and radius OM passes 
through P 

3o OP is a diameter, 

Uc and ^YP are 

semicircles „ 

5, /GXP and /OYP are right 
angles „ 

6, PX and PY are tangent 
to circle 0^ 



Reasons 

lo Definition of the 
bisector of a line 
segment 

2o Definition of a 
circle 

3o Definition of a 
diameter 

4o A diameter bisects a 
circle, 

5c Angles inscribed in a 
semicircle are right 
angles,, 

6, If a line is perpen- 
dicular to a radius at 
its outer extremity, 
the line is tangent to 
the circlSo 



nr*" 
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^nit X - Geometric Constructions 



T 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



Construction #12 To construct a circle circumscribing a given 

triangle, 

Ihis construction may also be used to determine 
a circle when given three non-collinear points. 



Construction #13 To Inscribe a circle within a given triangle. 



Construction #14 To construct the fourth proportional to three 

given line segments. 



Construction #15 To divide a line segmer.b inf) parts that have 

the same ratio as two g' ven i.ine segments. 



Construction #16 To construct the mean proportional between two 

given line segments. 



Construction #17 To inscribe a regular hexagon in a circle. 

This construction is similar to the con- 
struction used when inscribing an equilateral 
triangle in a circle. 



Construction #18 ( optional ) To inscribe a square in a circle. 



Construction #19 ( optional ) To construct a circle through nine 

points, three of which are the midpoints of the 
sides of a given triangle, three of which are 
the feet of the altitudes of the same triangle, 
and three of which are the midpoints of the 
three segments from the orthocenter to the 
vertices of the same triangle. 



Construction #20 ( optional ) To transform a polygon of any 

number oi sides into a triangle equal in area. 



Construction #21 ( optional ) To transform a rectangle into 

square equal in area. 



n 
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Unit X - Geometric Constructions 
SUGGESTIONS 



(286) 

(369) 



The proofs of constructions #12 and #13 are dependent upon 
locus theorems and should be omitted at this time. 



A (287) 
F (370) 
A (345) 
F (372) 



A good project for pupils is the '^Thiree Famous Construction 
Problems'* that cannot be solved by the use of the straightedge 
and the compass alone. 

These constructions are, 

1, the trisection of an angle ^ 

2, the duplication of a cube, 

3, the squaring of a circle. 



A (346) 

A (375) 

r 

F (373) 

A (442) 

A (442) 

C (491) 



A (429) 

A (430) 



In another sense, these problems have been solved, Th(? 
solutions, algebraic in nature, proved that the above idu^ee 
constructions cannot be accomplished using a compass and\ 
straightedge alone. 

Despite the fact that these problems have been proved impossible 
to solve, periodically someone comes up with a '‘solution*' to one 
or more of these problems. 

The fact that these solutions are published and appear in print 
lends them a certain sense of undeserved authenticity. 

Some of these so-called solutions have even appeared in the 
Congressional Record .. 

The errors in these solutions generally fall into one of the 
following categories; 

, The solution is based on false assumptions, 

2, The solution violates a rule that a straightedge can be 
used for drawing a line through two known points but 
cannot be used for anything else, 

3« In the case of the trisection of an angle, the 

construction will work for certain angles but not for 
all angles. 

4, The constructions give approximations of the requirement s-- 
sometimes very close approximations- -'but do not fulfill 
the requirement exactly . 

In recent years, most of the attempts at solution have been 
guilty of this last error. 
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TOPICS AND OBJECTIVES 



C('NCEPTS, VOCABULARY, SYMBOLISM 



Construction ^22 ( optional ) To divide a line segment into the 

polden ratio. 



1 






Unit X Geometric Constructions 



REFERENCES 



SUGGESTIONS 



c (493) 

D (319 - 320) 

Cundy, H„ and 
Rollett, A. P, 
Mathematical Models . 

(68-69) 



#22 Given: Line segment AB« 



( 1 ) 

( 2 ) 



(A) 

(5) 

( 6 ) 



Required: To divide AB into two parts, x and y, such that 

X V 

y ~ x"+^*y* divide AB into the golden 

ratio « 



Method; 



Bisect AB, Let M be the midpoint of AB, 

At B construct BC perpendicular to AB, 

On BC, locate point E so that EB MB, 

Draw AE, With E as a center and EB as a 
radius, describe an arc intersecting AE 
at F, EF = EB, With A as a center and AF 
as a radius, describe an arc intersecting 
AB at G, G divides AB into the golden ratio 
with AG representing y in the ratio and GB 




Outline of proof: 

Let X equal the shorter segment and y equal the longer 
segment. Let the length of the given line segment, 

X + y, equal 1, 



X 



’» y 1 
2 



Ejy the golden ratio, 

then y^' = x 
But since x + y = 1, 

(3) X = 1 y 

p 

Substituting in (2), y = 1 



y^ -t y 



Solving by the quadratic formula, y = 



-1 i - 



1 ^ 

Discarding xhe negative root, y = y = 



In the construction, let AB — 1, Then AM = MB = BE = o’o 

Since /\ ABE is a right, triangle, by the Pythagorean Theorem 

1 - 1 



AE 



FE = EB - 5 , Lhcri-i AF - "I 
< < 

^'t> • 1 

Finally, since AG = AF, AG — — 



5.F = 

AG = ,6iS+ 
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Unit XI - Locus (9 sessions) 



TOPICS AND OBJECTIVES 



LOCUS 



To develop an under- 
standing of the 
meaning of locus 



CONCEPTS, VOCABULARY, SYMBOLISM 



-I 



locus 



A locus (plural, j^c_i) is a set of points and only those 
points which satisfy one or more given conditions. 



In geometry, this set of points takes the form of 

geometric figures such as points, lines, planes, and 
solids. 



In algebra, this set of points takes the form of the 
graph of an equation. 



n 



II 



The geometric figure or graph contains all the points 
which satisfy the given conditions and no points which 
do not satisfy the conditions, 

solution of locus exercises A solution of a locus exercise 
should consist of two parts: 

1, A drawing in which the locus is clearly seen. 

Two colors may be used“-one color for the given 
conditions and the other for the locus. 

2. An accurate description of the locus beginning 
with the words, '*The locus is . . . 
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REFERENCES 



SUGGESTIONS 



(263 - 268 : 
(333 340 ) 
(279 - 282 ) 
(459 - 462 ) 



The concept of locus may be presented as the path taken by a 
moving point. 

This is an extremely important concept. 

The literal translation of the vford locus, viz., ^place'^ is 
of little help in the understanding. 

The correct language involving the use of the word is hard to 
understand. 



(375 - 379 ) 



If pupils have plenty of experience determining loci under given 
simple conditions, difficult problems will appear less complex. 

If the teacher is aware of the trouble spots in the unit, he canp 
with skillful direction and assistance, overcome much of the * 
difficultj»- experienced by pupils in understanding locus. 

For example, how can the following statement be expressed in 
words easier for pupils to understand? '’The locus of a point 
which is the vertex of the right angle of a right triangle with 
a fixed hypotenuse is a circle with the hypotenuse as the 
diameter, 



Suggested method I 

If we are given a fixed line segment which is the 
hypotenuse of a right triangle, the path taken by a point 
which moves so that it is always the vertex of the right 
angle of this right triangle, will be a circle with the 
fixed line as the diameter. 

Suggested method II 

Start with a fixed line segment and call it the hypotenuse 
of a right triangle. 

Using this line as the hypotenuse construct a number of 
rirht triangles. 

The locus of the vertices of these right triangles is a 
circle with the fixed hypotenuse as the diameter. 
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Unit XI "• Locus 



TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



description of a locus In order to describe the locus 
determined certain conditions, state: 

1. the class of geometric figures to which the 
locus belongs, 

2. specific information about the location of 
the geometric figure » 




a 
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REFERENCES 



SUGGESTIONS 



Samples of locus problems 

lo Find the locus of points (in a plane) two inches from a 
given point Po 

2o Find the locus of points six centimeters from line il^ 

3o Find the locus of points which are one foot from a giv6n 
point 0 and which are three inches from a given line mo 
Line m is one inch from Oo 

4o Find the locus of points in space which are four inches 
from a given line segment MNo 

Solutions o 

Examples of description of a locus: ”The locus is . . , 






The class of geometri: 
figures to which the 
locus belongs 

- -- 


Specific information I 

concerning the location 
of the geometric fig'.^re 


lo 


oo a circle 


with center at P and 
radius of two inches o '' 


2o 


oo two lines 


both parallel to line m 
and with one line on 
either side six centi- 
meters away^ ** 


3o 


oo four points 


which are the intersection 

of a circle a. id two 

parallel lines o The 

circle has a center at 0 

j and a radius of one foot. 

The twD parallel lines 

are each parallel to m 

with one line on either 

side three inches away 

1 from m„” 

! 


1 

Uo 


o 0 a cylindrical 
surface 

and two hemispheres 


1 

! whose axis is line MN and 
whose radius is 4 inches, 

whose centers are M and N 
and whose radii are 4 
inches c.** 
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Onit XI - Locus 



TOPICS AND OBJECTIVES 



LOCI IN A PLANE 



CONCEPTS, VOCABULARY, SYMBOLISM 



To develop an under- 
standing of theorems 
involving locus 



Postulate: In a plane, the locus of points at a given distance 

from a given point is a circle whose center is the 
given point and vdiose radius is the given distance. 

Postulate: In a plane, the locus of points equidistant from 

two parallel lines is the line midway between them 
and parallel to each of them. 



Postulate: In a plane, the locus of points at a given distance 

from a given line is a pair of lines parallel to 
the given line and at the given distance from the 
line. 



Th. In a plane, the locus of points equally distant from two 
given points is the perpendicular bisector of the line 
segment joining the two points. 

Corol. In a plane, the locus of points equidistant from two 
intersecting lines is the pair of perpendicular lines 
bisecting the angles formed by the lines. 

Th. In a plane, the locus of points equally distant from the 
sides of an angle is the bisector of the angle. 



Th. In a plane, the locus of the vertex of the right angle 
of a right triangle with a fixed hypotenuse is a circle 
whose diameter is the hypotenuse. 



To develop the ability 
to visualize 
compound loci 



intersection of loci When a set of points must satisfy two 

or more given conditions, then the locus 
is the intersection of the loci of the 
individual given conditions. 



concurrent lines 



Concurrent liiies are three or more lines 
having one and only one point in common. 
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REFERENCES 



(271 - 276) 
(341 - 344) 
(282 - 283) 
(463 - 467) 



(278 - 280) 
(345 - 350) 
(289 " 294) 
(467 - 469) 
(379 - 381) 

(286 - 295) 
(298 - 305) 
(469 - 476) 



SUGGESTIONS 




^pils will find it helpful in solving locus exercises to 
follow a definite procedure, 

1. Decide what is fixed in position and make a drawing 

2o Decide what is variable, 

3. locate several points (variables) that satisfy the 
given conditions. 

Be sure that there is a sufficient number of points 
close enough together so that a general trend can be 
clearly seen, 

ho Complete the locus by considering any special position 
of the variables e,g„ the end points of a line 
segment. 

In the proof of locus theorems, have pupils prove two sets of 
points are the same, 

lo Every point is an element of the set of points that 
satisfy the given conditions, 

2, Every point that satisfies the given conditions is a 
member of the set of points. 



Since locus is defined as a set of points, the locus can be a 
null set, a finite set, or an infinite set. 



When determining the intersection of two loci? 

lo construct the locus that satisfies the first condition 
Call this Set A, 

2, construct the locus that satisfies the second condition 
Call this Set B, 

3o determine the set of points that satisfy both conditions. 
Call this A n B, 

If the two loci do not intersect, then A D B = 0, 
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Unit XI - Locus 



TOPICS AND OBJECTIVES 



To develop an under- 
standing of theorems 
involving compound loci 



Th. 



CONCEPTS, VOCABULARY, SYMBOLISM 



The perpendicular bisectors of the sides of a triangle are 
concurrent in a point equidistant from the vertices. 

The point is the center of the circle that circumscribes 
the triangle and is called the circumc enter of the triangle. 



t 

I 



Th, The bisectors of the angles of a triangle are concurrent 
in a point equidistant from the sides. 

The point is the center of the circle inscribed vrithin 
the trj.angle and is called the incenter of the triangle, 

Th, The altitudes of a triangle are concurrent. 



The point is called the orthocenter of the triangle. , 

Tho The medians of a triangle are concurrent in a point v/r.ich 
is two-thirds the distance from a vertex to the midpoint 
of the opposite side. 



LOCI IN SPACE 

To develop an under- 
standing of theorems 
involving loci in 
space 



The point is called the centroid of the triangle. 
The centroid of any plane figure is also the center 
of gravity, 

A triangle or any plane figure suspended at its 
centroid will hang horizontally in space. 



Postulate: The locus of points in space at a given distance 

from a given point is a sphere vdiose center is the 
given point and whose radius is the given distance. 

Pc stulate: The locus of points in space equidistant from two 

given points is the plane which is the perpendicular 
bisector of the line segment joining the two given 
points. 











Postulate: The locus of points in space at a given distance from 

a fixed line is a cylindrical surface with the line 
as an axis and a radius equal to the given distance. 



Tho The locus of points in space at a given distance from a 

given plane is a pair of planes each parallel to the given 
plane and at the given distance from it, 

Th, The locus of points in space equidistant from two parallel 
planes is a plane parallel to each of the given planes and 
midway between them. 



REFERENCES 



SUGGESTIONS 



Unit XI ■“ Loeiis 



In an equilateral triangle, the altitudes, medians, perpendicular 
bisectors of the sides, and angle bisectors coincide. 

In an equilateral triangle, the incenter circumcenter, ortho~ 
center, and centroid are all the same point. 

An interesting problem involving locus is ”In any triangle, find 
which three of the four centers are collinear.»» 

Have pupils draw a triangle and then construct the incenter, 
circumcenter, orthocenter, and centroid. 

Let them discover which three of these four points are 
collinear. (The incenter is not collinear to the other three.) 
The proof of this problem is very involved and will make -a 
good project for a superior student. 



A 

B 

D 
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(296) 

(selected 
exercises on 
31 - 32, 39, 15, 
70, 81. 139. U7, 
153) 

(283 - 285) 

(476 • 483) 

(376 ■ 381) 

(70 - 72) 



Other examples of loci in space. 

What is the locus of; 

lo points equidistant from two parallel walls? 

2, points equidistant from two intersecting walls and 
two feet from the floor? 

3u points equidistant from two points on the floor and 
two points on the chalkboard? 

Uo points equidistant from the floor and one wall and 
equidistant from the ceiling and the floor? 

5. points on the floor at a given distance of five feet 
from a point on the wall four feet above the floor? 

6o points equidistant from parallel planes R and S and 
a distance d from a third plane; T not parallel to R? 

7o points equidistant from the faces of a dihedral angle? 
the center of a marble, one inch in diameter, that is 
free to roll on a horizontal plane surface? 

9c points equidistant from two fi>:ed points and at a 
given distance from a third point? 

10, points equidistant from three non- collinear points? 
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TOPICS AND OBJECTIVES 



SPECIAL LOCI 



CONCEPTS s VOCABULARY, SYMBOLISM 



(optional) 



t 

m 



The introduction of conic sections offers an excellent 
opportunity for pupil project s^ 

Such projects may include models, research papers, or original 
proofs o 

This topic is optional but should be called to the attention of 
the better pupils. 








REFERENCES 



SUGGESTIONS 



Unit XI •» Locus J,! 




D (295 ■ 298) 

E (567 - ;,69) 

F (390 - 391.) 

Johnson, A. 
Curves in Sp ace. 

(16 48 ) 

Lockwood, E. 

The Book oi Carves. 

(F33T 



The Conic Sections a good project for pupils. 

Four different curves of intersection can be developed from 
the cutting of a conical surface, which has two nappes or 
branches, by a plane. 

Cutting a cone parallel to the base, but not through the 
vertex,, produces a c , ir c le 
















/ 



Cutting aijL tlie elements of a cone at an angle oblique 
to the base produces an ellipse ,, 




Mi 



Cutting a cone pa^-SCTei to tne slant height produces a 
parabola 




Cutting a cone paraliei to the altitude and going through 
both nappes out not the vertex produces a hyperbola . 



REFERENCES 



Unit XI - Locus 



SUGGESTIONS 



t,h6S6 "orii'wS c^n b6 dfefinod in tsrins of locus in 

a plane „ 

The circle has already been defined, 

A parabola is the locus in a plane of points which are equi- 
distant from a fixed line and a fixed point not in the line. 



r*-?{ 




Parabojua 



An ellipse is the locus of points in a plane the sum of whose 
distances from two fixed points is constant „ 




dj^ + =* c 



Ellipse 



A hyperbola is the locus of points in a plane the difference 
of whose distances from two fixed points is constant „ 




In certain cases, the intersection of a cone and a plane is a 
point, a line, or a pjair of intersecting lines. These inter” 
sections are known as degenerate conic sections. 

These conics, taken either Individually or collectively, make 
excellent material for proje-cts 
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UNIT XII 



COOHDlNATE GEOMETRY 



10 Sessions 






TOPICS AND OBJECTIVES 



INTRODUCTION TO 
COORDINATE GEOMETRY 



To acquaint pupils 
with the historical 
background of 
coordinate geometry 



COORDINATE SYSTEM 



To reinforce the 
concepts relating to 
points and numbers 
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CONCEPTS,. VOCABULARY, SYMBOLISM 



point in a line 



For every point in a line there exists one 
and only one real number o 

There is a one to-ons correspondence between 
tne set of points in a line and the sec of 
real n-ombers. 

The n'omber which is used to label the point 
in the line is called the coordinate of the 
point in the line,, 



This 13 a one- dimensional coordinate system. 



point in a plane For every point in a plane there exists one 

and onxy one ordered pair of real numbers. 
There is a one- to -one correspondence between 
the set of points in a plane and the set of 
ordered pairs of real numbers. 

The coordin ates of the point in the plane are 
the ordered pair of numbers used to label tna 
point in the plane „ 

This 15 a two-dimensional coordinate system. 



To assign ai* ordered pair of numbers to a 
point in a plane, use a pair of perpendicular I 
number lines, I 



x^axis The x=-axis is the horizontal number line. 
The y~axis is tne vertical number line. 



x^axis 


The 


y-axis 


The 


origin 


The 




and 




The 









iitekaiM 
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Unit XII • Coordinate Geometry 

SUGGESTIONS 



Euclid, in his oripinal presentation of geometry, designed it as 
preparation for philQsophical study. He was not interested in 
the practical appll cations. 

It remained for Rene Descartes (1596 1650) to add immeasurably 
to the usefulness of geometry from a practical standpoint. 
Descartes was pr.incipally responsible for unifying algebra and 
geometry into the system which is known as Cartesian or 
coordinate geometry 

Hij contribution was that of associating an ordered pair of 
numbers for every point in a plane. 

An oft- repotted story relates that Descartes developed 
coordinate geometry in an attempt to describe the path of a fly 
across the wall of his room, 

A<-,tuaUy, the essentials of Descartes’ thinking had been csed 
for many years before him for map making and navigational 
purposes , 



A (485) 

C (294 299) 

D (423 - 426) 



A review of the concepts pertinent to the study of coordinate 
geometry is necessary to the successful completion of this unit. 
The review should be brief but thorough. 

The past experience of the pupils will determine the extent 
of the review. 



F (393 404) 

Shute, W, C , Shirk, 
W,. W,, and Porter, 

G, F S upplement to 
P lane Ge o metry 

ITT) 







\ 
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Unrc, XII “• Coordinate Geometry 
TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



X- coordinate The X“ coordinate (abscissa) of a point is the 

number associated with the projection of the 
point on the x-axis^ 



y- coordinate The y coordinate (ordinate) of a point is the 

number associated with the projection of the 
point on the y'-axiSe 




COORDINATE GEOMETRY 
METHODS 

To develop the under 
standing of the 
methods used in 
coordinate geometry 



quadrants 



The two axes separate the number plane into lour 
regions called quadrants,, 



distance between two points 

1„ If the two points lie in the same vertical line, the 
distance between them is the absolute value of the 
difference between their y- coordinates,, 

2o If the two points lie in the same horizontal line, the 
distance between them is the absolute value of the 
difference oetween tneir x coorcinates, 

3. A general method for finding the distance between any 

two points is derived by means of the Pythagorean Tneorem: 

a. 0 Find the difference between the x-coordlnates and 

square thii difference,, 

b. Find tne difference betv/een the y-- coordinates and 
square this difference, 

c. Add the two squares and compute the square root 
of their sum. 



0 



) 



D 






REFERENCES 



Unit XII ° Coordinate Geometry 



SUGGESTIONS 



A 

C 

D 



(486 - 

(300 • 

(426 

441 

(405 

437 



492 ) 

312 ) 

- 438„ 
446) 

- 433. 
-> 448 ) 





/ 


1 

1 

' 











^ 














1 

1 
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The projection of point P on the x»axis is the point on the 
x^axis having an x- coordinate of 

The projection of point P on the y-axis is the point on the 
y=-axis having a y coordinate of 3. 

The coordinates of point P are (2, 3)o 






Shutej G ^ 5 Shirkj 
Wo Wo 5 and Porter, G„ 
Supplement to Plane 
Geometry „ ( 10 - 16 a 
22 - 33 ) 

Young, Frederick Ho 
Pythagorean Numbers ° 
Congruences o A Finite 
Arithmetic ° Geometry 
in the Number Planeo 

(13-19) 



Sample: Find the distance between (2j 3) and (?, 5) 

Solution: ao (7 2) = 5 



5^ - 25 



(5 - 3) 

.2 



2 ' 



2 

4 



25+4 =29 

= 5o385 
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Unit XII •• Coordinate Geometi*y 



TOPICS AND OBJECTIVES 



Th. 



CONCEPTS,, VOCABUURY, SYMBOLISM 



The distance between any two pointo Pj_(x. ^ y-|^) and 
ypj given by the formula; 





Th. The coordinates of the midpoint of a line segment are 
equal to the average of the corresponding coordinates 
of the end points of the line segment^ 



Given a line segment whose end points are P^(x.. , y^) and 

midpoint of the segment^ 



Xt + Xo 

then Xj^ = - .. - - 



and = 



+ :y2 



slope of a line 



The slope of a line segment wnose exi:: lots 

are (x^, yj and (x^, y. ) is deceriTaneJ by 

the formula , 









X 

X 



.The slope of a line segment is a number, 
either positive, negative, or zero„ 

The slope of a line is the same as the slope 
of any segment in the line„ 



If a line rises as the eye travels from left 
to rignt, the slope will be positive^ 

If the line falls, the slope will be negative. 
If the line is horizontal, tne slope is zero. 
If the line is vertical, the slope is 
infinite^. 



If y increases as x increases, the slope is 
positive. 

If y de crease, as x increases, the slope is 
negative. 
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Note that in the distance formula it does not matter which 
point is labeled and which is labeled since the 

difference is squared and the result is the same. 



, The teacher may wish to introduce the concept of ’»rise'» and 
’ "run” 



"Rise" IS defined as the difference between the y-coordinates 
or the vertical chanf!;e, 

"Run" IS defined as the difference between the x- coordinates or 
the horizontal change. 

The "delta" notation may be introduced at this time. 

^ y is the "rise" or the change in y, 

3C is the "run" or the change in x. 

The formula for the slope becomes 

m - 
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Th. Two non- vertical lines are parallel if they have the same 
slope and conversely^ 

Th, Two non-vertical lines are perpendicular if their slopes 
are negative reciprocals and conversely. 



' m. 



1 



or 



mim^ 






A locus is the set of points and only those points which 
satisfy one or more given conditions. 

If these conditions are algebraic in nature, the locus is 
called a graph, 

A graph is a pictui'e of the solution set of an equation -> 

determining the equation of a line 

Given, A point y^) and slope m of the line passing 

through P 

To find The equation of the line passing through Pj_ 

Methods Take any point Pn(x^, y,^) in the given line. 

Substitute the given values in the following 
formula ' 

= m(x^ - x_^) 

(This formula is derived from the formula for 
finding the slope of a line,) 



Givens Any two points y^) and y^) 

To find: The equation of the line passing through P^ and P^ 

Method; Find slope m. 

Substitute the given values in the formula: 
y„ ■ y, = m(Xjj - X, ) 



X;^intercept The x intercept of a line is the x- coordinate of 

the line at the point where the line crosses the 
X axis. 



:n 

[i 

D 

II 

III 

II 

11 

0 

I) 
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Sample problems in coordinate f^eometry involving equations of 
lines, parallel lines, perpendicular lines, and x and 
y- intercepts 

lo Find the equation of a line passing through (3, -U) 
and having a slope of 

Solution: y ( -4) - - 2{x - 3) 

y + 4 -'2x + 6 

2x + y =2 



Find the equation of a line passing through (-•!, -2) 
and (3, 8). 



Solution . m «=• 



8 



3 






lO 

m = — 

H- 

1 

2 

8 » 



m 



i(x - 3) 
15 



3, 



2y 16 = 5x 
■5x + 2y => 1 
5x 2y = ■ 1 



Find the slope and the y- intercept of the line whose 
equation is 4x - y = ■ 5. 



4o Find the equation of a line which passes through (-2, 3) 
and is parallel to the line whose equation is 
2x = y + 7„ 
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y>- intercept 



;he y intercept of a line is the y“Coordinate of 
the line at the point where the line crosses the 



COORDINATE GEOMETRY 
PROOFS 

To develop the ability 
to use coordinate 
geometry as a means of 
proving theorems- 



y -axis,, 

determining the equation of a circl e 

Given; A circle with a center P^(x“, y^) and a radius r 

To find; The equation of the circle with the given center 
and radius 

Method; Take any point Pp(x^, y^^) in the circle„ 

^ means of the distance formula determine the 

length of the line segment from P to P 

JL n ^ 

Set this distance equal to the radius„ 

r =i/(Xn + (y„ - 



Th„ (prove using coordinate geometry) The line connecting 

the midpoints of two sides of a triangle is parallel to the 
third side and equal to one- half its lengthy 



t 





I ; 

IJ 



0 



IJ 



II 




\ 
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5. Find the equation of a line which passes through the 
origin and is perpendicular to ax -f by » f. 



S^ple problem in coordinate geometry concerning the equation 
of a circle,. 

Find the equation of a circle whose center is (3 4) and 

whose radius is * 



Solution 8 = vfx 3)^ + (y 4)^ 

8 * 6 x + 9 + y^ . 8y + 16 
64 ^ bx + 9 + y'^ •' 8y + 16 



39 • 6x 4 y'^ 8y 



Some of the theorems of geometr;/ can be proved more easi ; / bv 
coordinate geometry than by Euclidean geometry. 



Given. aABC with vertices A(0„ 0)„ B(2a, 0) and C(2b, 2c) 
(Note that the use of 2a, 2b, and 2c makes the 
algebra easier,, ) 

D and E are the midpoints,. 



To prove,: DEDAB^ DE ■ ^(AB) 



Plan:; Determine the coordinates of the midpoints. 

Show that DE and AB have the same slope. 

Determine the length of DE and AB using the distance 
formula o 
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Th. (prove using coordinate geometry) The diagonals of a 
square are perpendicular to each other „ 



Th< 



(prove using coordinate geometry) If line segments are 
drawn joining the midpoints of the sides of any 
quadrilateral, taken in order, the figure formed is a 
parallelogramc 



E 



[ 
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Given: Square ABCD with vertices A(0, 0), B(a, 0), C(a, a), 

and D(0j a) 

To prove: AC » BD 

Plan: Show that the slope of AC is the negative reciprocal 

of the slope of BD„ 



Given: Quadrilateral WXIZ with vertices W(0, 0), Z(2ap 0), 

Y(2d, 2e). and Z(2b, 2c) 

Midpoints are G„, Hp J„ and K 

To prove” Quadrilateral GHJK is a parallelogram 

Plan: Find the coordinates of the midpoints „ 

Show GH and JK have the same slope o 
Show KG and JH have the same slope. 




f Z(2b„ 2c) 



J(b-fd;, c-fe) 
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(prove using coordinate geometry) The diagonals of a 
rectangle are equal. 
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Given: Rectangle RSTU with vertices R(Oy 0)o S(ao 0) 

T(a, b), and U(0, b) 



To prove: RT SU 

Plan: Determine the lengths of RT and SU by the distance 

formula « 




Additional exercises that may be proved by methods of 
coordinate geometry: 

1. The diagonals of a parallelogram bisect each other, 

2. Two lines in the same plane perpendicular to the same 
line are parallel,, 

3. The midpoint of the hypotenuse of a right triangle is 
equidistant from all three vertices of the triangle, 

two sides of a quadrilateral are equal and parallel,, 
the quadrilateral is a parallelogram, 

5a The segment joining the midpoints of the diagonals of a 
trapezoid is parallel to the bases, 

6j If a ±ine parallel to the bases of a trapezoid bisects 
one leg, .it bisects the other leg also. 

7, The perpendicular bisectors of the sides of any 
triangle meeo in a point. 







Uipj PP .J 
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Unit XIII - Areas of Polygons and Circles (9 sessions; 



TOPICS AND OBJECTIVES 



AREAS OF POLYGONS 



To develop an under- 
standing of methods 
for finding the areas 
of certain polygons 




CONCEPTS, VOCABULARY, SYMBOLISM 



unit of area The unit of area is the surface of a plane 

enclosed by a square whose side is a unit of 
length „ 



If the unit of length is a foots, the unit of 
area is a square foot„ 



measure of a surface The numerical measure of a surface is the 

nuniber of times a unit of area is con- 
tained in the surface » 



area of a polygon 



The area of a polygon is the number of units 
of area contained in the surface bounded by 
the polygoru 



v ^Qual polygons Equal polygons are polygons that are equal in 

area„ 



Congruent polygons are both equal in area and 
similar „ 

All congruent polygons are equal. The converse 
is not true. 



Postulate; 



The area of a rectangle is equal to the product of 
its base and its altitude when both are expressed 
in the same linear units. 



A = bh 



Th, The area of a parallelogram is equal to the product of its 
base and its altitude when both are expressed in the same 
linear units. 



I 



Corel, Parallelograms with equal bases and equal altitudes are 
equal in area. 



Tho The area of a square id equal to the square of one of its 
sides, 

2 



A s' 



Th, The area of a triangle is equal to bne- half the product of 
its base and its altitude when both are expressed in the 
same linear units. 



A ~ i(bh) 



Corolo Triangles with equal bases and equal altitudes are 
equal in area. 
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(410 412) 

(259) 

(361 - 362) 
(417) 

(471 ' 474) 



SUGGESTIONS 



Note: 



The symbol for congruent, ^ ”, is an equal sign with 
the sign for ”similar” above it<, 



(415 - 426, 

432 • 433) 

(261 ■ 275) 

(362 369) 

(417 - 438, Insert 
between pp. 312 
and 313) 

(474 “ 486, Insert 
between ppo 272 
and 273) 






Pupils often enjoy developing formulas on their own, 

A good problem to assign pupils is the development of a 
formula for the area of an equilateral triangle whose side 

is 3 a S'^v^ 

The formula is”, A = ^ o 

The formula can be developed through use of the general formula 
for the area of a triangle and the pupils” knowledge of the 
30-60“ 90 degree triangle relationships ^ 
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REGULAR POLYGONS 
AND THE CIRCLE 



To develop an under- 
standing of certain 
proi^erties of regular 
polygons and circles 
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Corol, Triangles with a ctinmon rase ,'ir equal bases in the same 
straight line and wnoss opposite vertices iie in a line 
parallel to the base, are equal. 




Th. 



The area of a trapiezcici is equal to one'^nali the product of 
its altitude and the sum of it.? bases,, 



A 



‘ b -t“ b 



Th. 



The area of a rhombu.v is equal to one -naif the proviuct of 
its diagonals. 



A ss> ‘^(D d.J 



Th< 



The area, K, of any triangle whose sides are a, b, and c 
is determined by the following formulae 



K — v4iTs a)(s - b)(s t) 



where s » ^(a -»■ b + c) 



Postulate: 



The areas of two similar polygons have the same 
ratio as the squares of any two corresponding 
linear dimensions. 



Corresponding linear dimensions refer to corre*- 
sponding sides, corresponding altitudes, corre- 
sponding diagonals, corresponding medians and others, 



Th, A circle can be tircura-Ticribea about any regular polygon. 



Th, 



A circle can be inscribed in any regular polygon, 



center of a regular polygon The center of a regular polygon is 
the common center of its inscribed and circumscribed 
cir^ie? , 



) 



^ regular poiv^on T'ne radiui^ of a regular polygon is 
the radius of it? tirtu.mvcrlbed circle. 



I 



1 



B 



If 



:d 



:Di 



Hi 



Bi 



j] 






A (437 - 455) 

C (415 - 420) 

D (370 - 371, 

375 - 388) 

E (541 - 556) 

F (487 - 497) 
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f 

I A geometric proof of the Pythagorean Theorem by areas is 
I attributed to Euclid „ The proof of this theorem by areas 
would be a good enrichment 'jxercise., i 

1 



This formula is attributed to Hero of Alexandria who lived in 
the first century A,D„ It is known as Hero's Formula, Hero is ’ 
also known as Heron and the formula as Heron's Formula, The i 

proof of this theorem is a good project for pupils. 
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apothem of a regular poxygon Tne apotham of a repaiar polygon 
is the radius of its ins^srioed circle dravm to the 
point of con'c-act^ 



As the niunber of sides of che inscribed poxygon increases , the 
length of the apothem increases and approaches the radius of the 
circumscribed circle as a limits 




) 



central angle of a regular polygon The central angle of a 

regular polygon is the angle at the center of the 
polygon whose sides are radii drawn to successive 
verticesc 



iLm 




Corol, The central angle of a regular polygon of n sides is 
equal to 360° 







Corol, The apothem of a regular polygon is the perpendicular 
bisector of one side of the polygon, 

Corol, The radius of a regular polygon bisects the ang.Le to 
whose vertex it is drawn. 

Th, Regular polygons of che same number of sides are similar, 

Th. The perimeters of two regular polygons of cne same nuiaber 
of sides have the same ratio as their radii or as their 
apothems, 

Th, The area of a regular polygon is half the product of its 
apothem and its perimeter. 

. 1 

A - 2^P 

Corol. The areas of two regu3.ar polygons of the same number of 
sides have the same ratio as the squares of their 
radii or as the squares of their apothems. 



D 

D 

C 

L 




Th. If a pyramid is cue Dy a plane parallel to the base and 

not passing tnrougn a vertex, the area of the section is 
to the area of the base as tne square of its distance 
from the vertex is to che square of the altitude of the 
pyramid, 

circumference of a circle The circumference of a circle is 
the limit of the perimeters of the inscribed regular 
polygons , 

As the number of sides of the inscribed polygon 
increases, the perimeter of the inscribed polygon 
increases and approaches the circumference of the 
circumscribed circle as a limit. 




0 
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them) is pronounced with the accent on the 



The theorem regarding the area of a regular polygon may be 
proved as an exercise. 
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PI 



To extend the concept 
of pi 



CONCEPTS, VOCABULARY, SYMBOLISM 



Th, The ratio of the circumference (C) of a circle to its 
diameter (d) is a constant, 



Corol. The circumference of a circle equals rr times the 
diameter or 2n times the radius^ 



Corol, The circumferences of two circles have the same ratio 
as their radii or their diameters « 



fl 



21A 




D 



n 
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n is an irrational number. Therefore, C and d cannot both be 
rational numbers. 






REFERENCES 



A (453 ” 454) 
C (421 - 423) 
D (385 - 386) 



THE TRANSCENDING NATURE OF n 

A discussion of pi may be found in most geometry textbooks. 
This discussion generally includes a definition of pi as the 
limit of the ratio of the perimeter of an inscribed polygon 
to the radius of its circumscribed circle^ 



£ (551, 570 - 571) 

F (558 - 563, 496) 

Davis, Philip Jo The 
Lore of Large Numbers . 
(55“65) 

Gamow, G. OnSo TwOo 
Ihree, Infinity] 
( 213 - 218 ) 

Kasner, E. , and 
Newman, James. 
Mathematics and the 
Imagination . C6 5- 80 ) 

Newman, James R. The 
World of Mathematics, 
Vol, I, (l38) 

Young, Frederick H. 
Random Numbers ^ 
Mathematical Induction « 
Geometric Numbers . 
(5-U) 




Often the text will mention the irrational nature of pi. 

There is generally some historical background on the develop- 
ment of an evaluation of pi. In various ways and by 
constantly improved methods, pi has been calculated to more 
and more decimal places. 

The most recently known large scale calculation of pi was 
done in July, 1961 in New York. On an I.B.M. 7090 electronic 
computer, pi was computed to 100,000 decimal places in only 
eight hours. 

Textbooks give the approximate value of pi from as few as 
10 to as many as 5,000 decimal places. Here, generally, is 
where the discussion stops. Pupils tend to think of pi as a 
rather curious number related to circles and as « toy to be 
fed into electronic computers. But pi appears elsewhere in 
mathematics. An investigation of pi will give pupils an 
insight into the interrelatedness of all branches of 
mathematics. 

Pi as the sum of an infinite series: 




H _ 2x4x4x6x6x8x. . . 
4~3x3x5x5x7x7x. . . 

^ = 1 

2 + 

2 + 5 ^ 

2 + 2 I 

2 + 

^'000 
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rr' 

z 



TT 



K +1 + I +1 4-1 + 

,2 + 22 + 32 + ^2 + -2 + • • . 



1 



2 - y 2 + -,/ 2 + 



o as n increases without 
bound 



In this series, n is the number of sides of an inscribed regular 
polygon. The series is derived from approximations of n deter- 
mined by the ratio of the perimetc. (p) of each n-gon to the 
diameter of the circumscribed circle^ 

A 6-gon inscribed in a circle whose diameter is 4, 



d 

r 

s 

P 

P 



4 

2 

2 

6s 

12 



f » .12 



d 

O P 
■* d 



= 3 




A 12-gon inscribed in a circle whose diameter is 4, 



d 

/BOC 

OB 

BD 

OD 

DC 

BC 

BC 

BC 

s 

P 

P 

P 

d 

I 



4 

2 

30° 

2 

1 

2—1^^ 

4 - 4 “ 41 ^ 3 
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12s^ 
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formula for finding the side of a regular 2n “gon 
inscribed in a circle having a diameter of 4 units when the side 
of a regular n-gon is known 



2 

Let g =5 ^ the side of a 

regular n-gon 
Let s =» the side of a 
regular 2n“gon 

+ (2 - x)^ 

s a g^ + 4 - 4x + x^ 
but x^ = 4 g^ 

X =* 

then = g^ + 4 « 4v{ - g^ + 4 » g* 
8^ ss 4(2 g2) 

/.s = 2,^ 




Pi as a measure of statistical probability; 

Count Buffon’s Needle Experiment; 

1 . Distribute some flat toothpicks, all of the same length, 
one to each pupil „ 

2o Provide each pupil with a sheet of blank paper, 

3o Have each pupil draw equidistant parallel lines so that 
the entire surface is ruled. The lines should be the 
same distance apart as the length of the toothpick, 

4o Instruct each pupil to drop the toothpick on the paper 
100 times, (The pupils can do this at home,) 

5o Have each pupil tabulate the number of times the toothpick 

when dropped on the papery lies on or across one of the 
rulings. 

If any part of the toothpick lies across a ruling, it is 
to be counted as a success. If the toothpick lies 
entirely between rulings, it is to be counted as a 
failure. 

Occasions when the toothpick does not fall on the paper 
are not to be counted,, 

6, Tabulate ihe total number of *^successes**. The ratio of 
the number ?f successes to the number of trials will 
equal , 



A biologist investigating laws of bacterial growth and an 

insurance actuary computing probability both use pi in their 
work. 
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AREA OF CIRCLES 



To extend tne concept 
of area to circles 



area of a circle 



The area of a circle is the limit of the 
areas of the inscribed regular polygons. 



As the number of sides of the inscribed 
regular polygon increases, the area of the 
inscribed polygon increases and approaches 
the area of the circle as a limit. 



Th. The area of a circle is equal to the product of n and the 
square of the radius,, 



Corol, 



The areas of two circles have the same ratio as the 
squares of their radii, the squares of their diameters, 
or the squares of their circumferences. 



sector of a circle 



A sector of a circle is a i'egion bounded 
by two radii and their intercepted arc. 



Corol. 



The area of a sector of a circle whose radius is r and 
whose intercepted arc contains n degrees is determined 
by the following formula,; 



Area of sector 



n 



:360 



nr 



segment of a circle 



A segment of a circle is a region bounded 
by a chord and its intercepted arc. The 
area of a segment can be found by sub- 
tracting the area of a triangle from the 
area of a sector. 
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The area of segment ACB = area of sector AOBC min as area of 
triangle AOB^ 
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TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



PRISMS AND PYRAMIDS 



To develop an under- 
standing of area and 
volume of prisms 



lateral area of a prism The lateral area of a prism is 
of the areas of the lateral faceso 

total area of a prism The total area of a prism is the 
the lateral area and the areas of the baseSo 



the sum 
sum of 



Th, The lateral area of a prism is equal to the product of a 
lateral edge and the perimeter of a right section, 

L.A, • ep, where e is the lateral edge and p is the 
perimeter of the right section, 

Corol, The lateral area of a right prism is equal to the 

product of its altitude and the perimeter of its bfiise. 



unit of volume The unit of volume is the space enclosed by a 

cube whose side is a unit of length. 



D 



If the unit of length is a foot, the unit of 
volume is a cubic foot, 

volume of a solid The volume of a solid is the number of units 

of volume contained in the space enclosed by 
the solid. 



c 



To develop an under- 
standing of area and 
volume of pyramids 



equal solids Equal solids are solids that are equal in volume. 

Postulate: The volume of a rectangular solid equals the product 

of its three dimensions, 

V =* abc, where a, b, and c are the dimensions. 

Th, The volume of any prism is equal to the product of the 
area of its base and its altitude, 

lateral area of a pyramid Tne lateral area of a pyramid is 
the sum of the areas of the lateral faces. 








total area of a pyramid The total area of a pyramid is the 
sum of the lateral area and the area of the base. 
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Th, The lateral area of a regular pyramid is equal to one-half 
the product of the slant height and the perimeter of its 
base, 

L,A, =s 2 ^p» where 1 is the slant height and p is the 
perimeter of the base. 
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(91 - 96, 99 - 
108 selected 
exercises) 

(277 ~ 279) 

(392 - 402) 

(443 444* 

563 - 564) 

(519 - 521) 

(34 - 40) 



A brief review of the vocabulary pertinent to prisms and 
pyramids is advi sable „ 

A list of vocabulary and properties of pyramids and prisms will be 
found in Unit V. 

A formula which may be used for finding the total area of a 
prism IS 

T.A. = ep + 2B 

Surface Areas of Solids . Parts I and II (2 reels - 

total time min. j 

Cenco 5d;cat icn'il Films 

Central Ccientific Company 

1700 Irving Park Road 

Chicago 13, Illinois 




t 




Film*. Volumes of Cubes , Prisms and Cylinders (Color - l5 min.) 
Colburn Filr. Di st.n Vmtors, Inc„ 

G. Pox 

Lake Fcrc^'t, Illinois 

Film: Volumes of PyramiQs, Cones, and Spheres (Color - 15 min.) 

Delta Film Production 
7238 West Touhy Avenue 
Chicago 48, Illinois 




i\ 



B (122 - 137 

selected 
exercises) 

C (277) 

D (407 - 414) 



A formula which may be used for finding the total area of a 
pyramid Is: . 

T, A. - -,ip + B 



E (444 - 445. 565 - 

566 selected 
exercises) 




(521 - 523, 
inserts between 
pp. 528-529) 
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(42 - 46) 



Bonaventura Cavalieri (1590“ 1647) developed the proof of this 
theorem. 



The theorem concerning the volijme of a triangular pyramid may be 
proved formally as an exercise using models if available. 



Since any pyramid can be divided into a whole number of trian- 
gular pyramids, the sum of the volumes of the triangular 
pyramids equals — h(Bj^ + B2 + + , <, , )» where 

+ Bj + o equals B, the base of any pyramid. 



The two theorems concerning similar solids are syntheses of a 
number of theorems concerning particular types of solids. 

It is suggested that the teacher provide pupils with a sufficient 
number of exercises based on these theorems. 



(85 " 88 
selected 
exercises) 

(447 - 448) 

(269 “ 270, 404) 

(359 “ 360) 



Cylinders and cones should be described informally rather than 
defined. 

The definition of cylinders and cones requires an understanding 
of cylindrical and conical surfaces. 

There, in turn, require an understanding of concepts such as 
generatrix, directrix, ruled surface, and nappes. 

Such concepts are not necessary to the successful completion 
of this unit. 
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Unit XI V - Gro'Tif^t ri c SoJ ids Arear and ’/oluneo 



T0PTC5 A'.T ();.v’zCTIV£S 



To develop an under" 
standing of area and 
volume of cylinders 



22f 



Xr.'CEPTS, VOCABULARY, SYMBOLISM 



altitude of a cylinder The altitude of a cylinder is the 

length of a common perpendicular between the 
planes of the bases„ 

right cylinder A right cylinder is a cylinder in which the 

planes of the bases are perpendicular to the 
axis„ 

.^oblique cylinder An oblique cylinder is a cylinder in which 

the planes of the bases are not perpendicular 
to the axis, 

cylinder ol revolation A right circular cylinder is called a 

cylinder of revolution because it may 
be formed by revolving a rec \Tngle 
about one of its sides as an axis. 

The axis and the altitude of a cylinder 
of revolution are equal, 

lateral a rea of a cylinder The lateral area of a cylinder is 

the area of the curved surface, 

total area of a cylinder The total area of a cylinder is the 

sum of the lateral area and the area 
of the bases. 

Postulate: The lateral area of a cylinder is equal to the 

product of the axis and the perimeter of a right 
section. 

L„A, ~ ap.^ where a is the axis and p is the 

perimeter of a right section of the 
cylind er. 



Corol, 



The lateral area of a cylinder of revolution is equal 
to the product of the circumference of the base and the 
altitude. 



L,A, = Ca 



or 



L.A, = 2Trra 



Th. The volume of a cylinder is equal to the product of the 
area of its base and the altitude, 

V = Bh or V ~ nr'^h, where r is the radius of the 

base and h is the altitude. 
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REFERENCES 



Unit XIV - Geometric Solids - Areas and Volumes 
SUGGESTIONS 



F (524 - 525) 
G (47 - 50) 



I k cylinder or cone my have any closed curve as a base, 
j Since the circle is the only closed curve studied in detail in 
plane geometry, only circular cylinders and circular cones will 
be discussed. 

Use of the word cylinder implies circular cylinder unless 
otherwise stated . 

,1 

I A circular cylinder my be thought of as a prism with a regular 
polygon as its base and an infinite number of lateral faces, 

j 

$ 



B (92 - 110 
selected 
exercises) 

C (447 - 448) 

D (404 " 406 ) 

E (561 - 563, 

565 - 566 
selected 
exercises) 

F (525 ~ 526) 

G (73 - 76) 



1 



Have pupils mke a comparison between the formulas for area and 
j volume of cylinders and the formulas for the area and volume of 
I prisms, Th^ are essentially the same. 



A formula which may be used for finding the total area of a 
cylinder of revolution is: 

T,A, » 2TTra + 2Trr^ 



T,A, - 2Trr(a + r) 
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Ihilt XIV -» Geometric Solids - Areas and Volumes 



TOPICS AND OBJECTIVES 



To develop an under- 
standing of the 
vocabulary involving 
cones 



CONCEPTS, VOCABULARY, SYMBOLISM 



circular cone A circular cone is a cone whose base is a circle 



axis of a cone The axis of a cone is a line segment whose end 

points are the vertex of the cone and the center 
of the base„ 



To develop an under- 
standing of the area 
and volume of cones 



altitude of a cone The altitude of a cone is the perpendicular 

distance from the vertex to the plane of the 
base. 



A right cone is a cone whose axis is perpendicular 
to the plane of the basCc 




oblique cone An oblique cone is a cone whose axis is not 

perpendicular to the plane of the base, 

cone of revolution A right circular cone is called a cone of 

revolution because it may be formed by 
revolving a right triangle about one of 
its legs as an axis„ 



The axis and the altitude of a cone of 
revolution are equals 

slant height of a cone of revolution The slant height of a 

cone of revolution is a line segment whose 
end points are the vertex of the cone and 
any point in the circumference of the base. 

lateral area of a cone The lateral area of a cone is the area 

of the curved surface, 

fptal area of a cone Tljie totai area of a cone is the sum of 

the lateral area and the area of the 
base. 

Corol, The lateral area of a cone of revolution is equal to 
one- half the product of the slant height and the 
circumference of the base. 

L.A. = '^1, where 1 is the slant height 
or 

L.A. = TTTl, where r is the radius of the base. 
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Unit XIV • Geometric Sc _xds Areas and Volumes 


f REFERENCES 


SUGGESTIONS 


! 

I B (m - 121 

' selected 

i exercises) 


Use of the word cone implies circular cone unless otherwise 
stated. 


! C (U9 - 450) 


A circular cone may be thought of as a pyramid with a regular 
polygon for a base and an infinite number of lateral faces. 


j D (276 278) 




E (359 - 36X) 




1 F (524) 




G (50 - 52) 

i 

1 




1 

1 

i 

( 

I B (121 - 143 

1 selected 

* exercises) 


\ 

\ 

\ 

\ 

Have pupils make a comparison between the formulas for area and 
volume of pyramids and the formulas for the area and volume of 
cones. 

They are essentially the same. 


I C (449 “ 451 

1 selected 

exercises) ' 




) 1 
1 D (414 • 419) 


A formula which may be used for finding the total area of a 
cone of revolution is 


E (561 ■ 562, 

565 - 566 
selected 
exercises) 


ToA, = nrl +• 
or 

T,A, = TTf(l + r) 


F (52'7 328, 

Inserts between 
i pp. 528- 529) 




G (76 78) 

; 
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Unit XIV - Geometric Solids - Areas and Volumes 



TOPICS AND OBJECTIVES 



frustum of a cone 



CONCEPTS, VOCABULARY, SYMBOLISM 



The frustum of a cone is the part of a cons 
included between the base and a pl:^ne 
parallel to the base. 



Corol, The lateral area of the frustum of a cone of revolution 
Is equal to one^half the product of the slant height and 
the sum of the circumferences of the bases, 

L.A, m ^l(C + C')i' where 1 is the slant height and C and 

C are the circumferences of the bases. 

Corol. The volume of a cone is equal to one-third the product 
of the area of the base and the altitude, 

V - ^Bh or V - ^^h 

Corel, The volume of a frustum of a cone is determined by the 
formula: 

1 

V «ai jh(B + B* + 0 /®* ), where B and B' are the areas 

of the bases. 



SPHERES 





To develop an under- 
standing of area and 
volume of spheres 
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Th, The area of a sphere is equal to the area of foxir great 
circles, 

S *■ Attt , where S is the area of the sphere and r is 
the radius of the great circle. 

The radius of a great circle is the same as the radius 
of a sphere, 

zone of a sphere The zone of a sphere is the portion of the 

surface of the sphere Included between two 
parallel planes. 

The circles that bound a zone are called the 
bases of the zone. 

The distance between the parallel planes is 
called the altitude of the zone. 

If one of the parallel planes is tangent to 
the sphere, the zone is called a zone of 
one base or a dome. 
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Unit XIV “ Geometric Solids - Areas and Volumes 


' REFERENCES 


SUGGESTIONS 


1 1 

I B (155 171) 


1 

1 

1 

1 

I 

A brief review of the vocabulary pertinent to spheres is 
advisable. 


C (452 - 453) 


A list of vocabulary and properties of spheres will be found 
in Unit IX. 


i D (419 - 421) 




E (562, 565 *• 566) 




F (52S - 530, 

533 - 535) 




G - 80) 

i 

1 

^ i 

! 


Altitude y ^ J 

V 

\. ^ Dome 

Zone of a Sphere 


O 
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Unit XIV - Geometric Solids - Areas and Volumes 



TOPICS AND CBJ-XTI7SS 



CONCEPTS. VOCABULARY, SYMBOLISM 



Corel, 



The area of a zone is equal to the product of its 
altitude and the circumference of a great circle. 



2nrh, where r is the radius of the great circle 
and h is the altitude of the zone. 



Th, The volume of a sphere is determined by the following 
formula: 
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Unit XIV - Geometric Solids Areas and Volumes 



REFERENCES 



SUGGESTIONS 



UNIT XV 



SPHERICAL GEOMETRI 



9 Sessions 
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Unit XV - Spherical Geometry (9 sessions) 



TOPICS AND OBJECTIVES 



FIGURES ON A SPHERE 



CONCEPTS, 



VOCABULARY, SYMBC’IJ 3 M 



To develop an under- 
etanding of the 
nature of spherical 
distance 



Postulate: The shortest distance between any two points in a 

sphere is the minor arc of the great circle throign 
these points. 

Spherical distance The spherical distance between two points 

in a sphere Ic the length of the minor arc 
of a great circle Joining tne two points. 

The measure of spherical distance may be 
in linear units or in degrees, 

poles of a circle of a sphere Tne poles of a circle of n 
sphere are the intersections of the axis of the 
circle and the surface of the sphere. 

Set A ■ all the points in the sphere 

Set B a all the points in the cjcls of a circJie 

AH B - two points called the poles of a circle of a 

sphere 

polar distance of a circle of a sphere The polar distance of a 
circle of a sphere Is the spherical distance from any 
point in the circle to the nearer pole. 



quadrant A quadrant is an arc which is one-fourth of the 
circumference of a great circle. The arc is 90® « 

Th, The spherical distances of all points in a circle of a 
sphere from either pole of the circle, are equal. 

Corol. On^the same or equal spheres, equal circles have equal 
polar distances. 



Corol, The polar distance of a great circle is a quadrant, 









Unit XV - Spherical Geometry 


REFERMCES 


SUGGESTIONS 


i 

, B (172 - 173) 1 


P 


G (56 - 57) 




Henderson, K, B, , 

■ Pingry, R, E. , 

Robinson. G„ A. Modern 
Geometry, Its I 

Structure and 
Functicn. (452-456) i 










0* is a circle of sphere 0„ 

Line PP* is the axis of circle 0'^ 

P and P* are the poles of circle O', 

5a and “PB- are the polar distances of circle O', 
?A = ?B 




Unit XV - Spherical Geometry 
TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



To develop an under^ 
standing of the 
nature of spherical 
angles 



spherical angle A spherical angle is the union of two great 

:iroxe arcs with a coinmon end point, 

measure of a spheri cal angle The measure of a spherical angle 
If: equal lo the measure of the anrle formed by the 
union of two lines tangent to the arcs at their 



common end point. 



Tho The measure of a spherical angle is equal to the measure 
of the dihedrai angle formed by the planes of its sides. 







To develop an under-- 
standing of the 
nature of spherical 
polygons 



Tho The measure of a spheracai angle is equal to the measure 

of the ar". that it intercepts on a circle whose pole is the 
vertex of the spherical angle., 



spherical polygon A spherical polygon is a closed figure in a * 

sphere formed by minor arcs of great circles. 

The arcs of the great circles are the sides of the polygon. 

The end points of the a,T?.s are the vertices of the polygon. 
The diagon al of a spherical polygon is an arc of a great 
circle joining two nonconsecutive vertices. 

The a ngles of the polygon are the spherical angles formed 
by the sides of the polygon. 

All spherical polygons are to be consiaered as convex xinless 
otherwise stav.ed. 
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B (175 - 180) 

G (65 - 66, 

91 - 93) 



Note: 



/APB is a spherical angle „ 

WV is tangent to the plane of arc AP at P. 

RS is tangent to the plane of arc BP at p[ 

The measure of spherical angle APB is defined 
as the measure of /yPS„ 

The measure of spherical angle APB is equal in 
degrees to the measure of dihedral angle A-OP-B, 

The measure of spherical ai^le APB is equal in 
degrees to the measure of 

Spherical angles are adjacent, vertical, supplementary, 
complementary, obtuse, or acute under the same 
conditions as plane angles^ 



Two great circle arcs are perpendicular if the 
a spherical right angle „ 



form 



A review of the properties and theorems pertaining to 
polyhedral angles should be integrated with the studv of 
spherical polygons „ The review material will be found in 
Units V and VI „ Pupils should be able to discover the 
similarities between polyhedral angles and spherical polygons. 
These similarities will aid in the understanding of spherical 
polygons. 
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Unit XV - Spherical Geometry 
TOPICS AND OBJECTIVES 



CONCEPTS, VOCABULARY, SYMBOLISM 



If the vertices of a spherical polygon are joined to the 
center of the sphere a polyhedral angle whose vertex is the 
center of the sphere is formed. 

The measure in degrees of a side of a spherical polygon 
equals the measure of the corresponding face angle of the 
polyhedral angle. 

The measure in degrees of an angle of a spherical polygon 
equals the measure of the corresponding dihedral angle of 
the polyhedral angle. 



{ 






To develop an under- 
standing of the nature 
of polar triangles 



spherical triangle A spherical triangle is a spherical polygon 

of three sides. 

Th, The sum of two sides of a spherical triangle is greater 
than the third side, 

Th, The sum of the sides of a spherical polygon < 360®, 

polar triangle If the vertices of one spherical triangle are 

the poles of the sides of another spherical 
triangle, the second triangle is the polar 
triangle of the first tria'hgle. 

The spherical distance from any vertex in a 
spherical triangle to the side opposite in the 
polar triangle is a quadrant. 



Th, If one spherical triangle is the polar triangle of another, 
then the second triangle is the polar triangle of the 
first, 

complementary and supplementary angles and arcs A spherical 

angle and an arc of a great circle are complementary 
or supplementary if their sum is 90® or 180®, 
respectively. 
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Unit XV ” Spherical Geometry 



I 

o 



B 

G 




0 is the center of the spherOo 
ABCD is a spherical polygon. 

The measure of side AD is equal in degrees to the 
measure of ^^AOD., 

The measure of spherical angle ADC is equal in degrees 
to the measure of dihedral angle A-OD-C, 



Note: Spherical triangles are isosceles, equilateral, equi- 

angular, right, or obtuse in the same sense as triangles 
in plane geometry. The words median, altitude, and 
bisector of an angle have the same relative meaning. All 
spherical polygons have sides which are minor arcs of 
great circles. 



(180 - 184) 

(67 - 69 , 

92 - 93 ) 



Pupils often have difficulty in grasping the concept of polar 
triangles. An alternate and perhaps easier method of locating 
the polar triangle of a spherical triangle is as follows: 

1, Begin with the sides of the spherical triangle. 

2, Locate the poles of the great circles of which the 
three sides are arcs, 

3o Connect the poles with arcs of great circles, 

4o A polar triangle is formed. 

ABC and ^ A’B'C’ are 
spherical triangles. Each 
is the polar triangle of 
the other. 
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Unit XV ~ Spherical Geometry 



TOPICS AND OBJECTIVES 



CONCEPTSp VOCABULARY, SYMBOLISM 



Thp In two polar triangles, each angle of one triangle is the 
supplement of the opposite side of the other, 

Th, The sirn of the angles of a spherical triangle > 180® but 

< 540 °. 

Corol, A spherical triangle may have one, two, or three right 
angles, 

right spherical triangle A right spherical triangle is one 

that has at least one right angle. 

birectangular spherical triangle A birectangular spherical 

triangle has two right angles. 



trirectangular spherical triangle A trirectangular spherical 

triangle has three right angles, 

Corol, A spherical triangle may have one, two, or three 
obtuse angles • 



AREA OF SPHERICAL 
POLYGONS 



To develop an under- 
standing of the method 
of measuring the area 
of spherical polygons 



spherical degree A spherical degree is the area of a birectan- 
gular spherical triangle whose third angle 
is on© degree, 

spherical excess of a spherical triangle The spherical excess 

of a spherical triangle is the difference 
between the sum of the angles of the triangle 
and iaO®o 
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spherical excess of a spherical polygon The spherical excess 

of a spherical polygon is the difference 
between the sum of the angles of the spherical 
polygon and the sum of the angles of a plane 
polygon with the same number of sides. 



Th, The area of a sphere equals 720 spherical degrees, 

Th, The area of a spherical triangle in spherical degrees equals 
its spherical excess, 

Corol, The area of a spherical polygon equals its spherical 
excess. 





ilrut XV 



Gpncn :al Ooonotry 



TOPICS AND OBJECTIVE 



c*. i 



(OPTIONAL) 

VOLt^MEG OF SPHERICAL 
SOLIDG 

Tc develop an under- 
standing of the nature 
of certain spherical 
solids 



CONCEPTS VOCABULARY, SYMBOLISM 



lune A lune is the surface of a sphere bounded by tv;o great 

Femicircles„ 

Th. The number of sphcrica] degre'^s in a lune equals t.wice the 
number of degrees in its angle. 



spherical soli d 



A spherical solid is a solid whose base ii- a 
por+icn of the surface of a sphere. The solid 
IS formed by connecting every point in the 
perimeter of the base to the center of the 
spnere„ 

spherical pyramid A spherical pyramid is a spherical solid 

v/hose base is a spherical polygon.. 

spherical cone A spher ical cone is a spherical so lie whose 

base IS a dome, 

spherical sector A spherical sector is a spherical solid whose 

base IS a zone, 

spherical wedge A spherical wedge is a spherical solid whose 

base is a lune. 



To develop an under- 
standing of the method 
of determining the 
volume of certain 
spherical solids 



Th„ The volume of any spherical solid is equal to one t!i.ird i.he 
product of the area of the base measured :n square units 
and the rndius of the sphere., 

V = -Si ... wnere S is the area of the base and r is 
^ the '•cidwiz of the sphere. 
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REFERENCES 



B (162 - 163) 
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B (163) 




Urxit XV Spherical Geometry 



SUGGESTIONS 



PAP'B is a lune. 








"vjjv I 



Spherical ryramid 



Spherical Ccne 




Spherical Sector 




Spherical Wedge 



Note; 



The •volume of a sphere can be derived directly from this 
theorem^ If the base of the spherical solid is the 
entire surface of the sphere, then S » 



, *0 * 

V = 3'(4'nT‘^) (r) or„ 



4 ^ 

V ^TTr-^ 






FIND THE FALLACY 



The following is a fallacious proof —namely, a right angle 13 eq j'.i to cn 
than a right angle,' “ 




AE » AB 

HJ J__ bisector of CB and DA 
K J. bisector of CE 



To prove: /JDC =» /JAE 



Plan: H is the midpoint of BC, At H, draw a line to CB., This line will also 

be the J__ bisector of AD and intersect AD at J, Now from A draw line Ae" 
outside the rectangle but equal in length to AB and CD, Draw line CE. 

At K, midpoint of CE, draw a line J_ to CE, Extend HJ and the I line throuffh 
K to meet at 0, Draw OA, OD, OB, OC, and OE, ' ^ 



Statements 
1. OE = OC 



2. OA = OD 

3. AE ^ CD 

U. A ODC ^ ^ OAE 

5. /ODC = /OAE 

6. lOTik = /OAD 



7. /JDC = /JAE 



Reasons 

1, OK is J__ bisector of CE, Lines 
drawn from a point on the J_ 
bisector of a line to the 
extremities of the line are equal, 

2, Same reason as No, 1 

3 » So drawn 

A'* s,s,s, 

5, C,p,c,t,e, 

6, OA ~ OD, and base angles at the 
foot of an isosceles triangle 
are equal, 

7, Subtraction axiom 



is a right angle, and /JAE is greater than a right angle, 
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FIND THE FALLACY 



Proposition: The sum of the bases of a trapezoid is equal to zero! 

Given: Trapezoid MPR, the lengths of whose bases shall be called a and b. 

To prove: a + b^^O 

^ M a R b ip 

Plan: Extend each base the length of -he ^i\ /\ 

other and in opposite directions. / i X \ / 

Figure MSPT is a parallelO(„-,.'.am, since ^ I / 

SP = MT and SPIfMT„ Draw diagonals I ^ 

ST and MP, These diagonals divide the ^ I \ ^ 

diagonal RN of the original trapezoid ^ N. \ ^ 

into three parts whose lengths will be ^ / >v\ ^ 

called X, y, and z« (Fig, n^l) \/ 

^^-'eT ” F 5 P 

Pror. f. Two pairs of similar triangles are formed" 

R b Ma R 

r 

^2) ^ \ 

" ^ In both pairs of triangles - \ o / Uig, frd; 

^ 1, £1 s /2 Vertical angles are equal. 

^ ^ 2. ®* 2^ “^wo parallel lines y /I 

are cut by a trans- 
versal, alternate 
interior angles are Xx 

/ equal. ;^p 

a N 3. The triangles are b 

similar ... a. a, ■« a. a. 

Uo In Figure #2, ^ ^ ^ ® a triangles are similar, the corre- 

sponding sides are in proportion. 

5. In Figure #3? -- =» - If two triangles are similar, the corre- 

^ ^ spending sides are in proportion. 

b 

6. From (4), y + z » x(a) Multiplication axiom 

7. From (5)p x + y =* z(~) Multiplication axiom 

b 

8. Subtracting (5) from (4), z - x (x » z)(§) Subtraction axiom 

*b 

9. Multiplying (8) by (-1), x - z » (x * z)( a) Multiplication axiom 

10. Dividing by (x - z), 1 « (~^) Division axiom 

11, Hence, from (lO), a = -b; therefore, a 4* b - 0, QoE,D, 
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Solution for Fallacy: The sum of the bases of a trapezoid is equal to zero. 






Since RT » MF and HTlI NP, RTNP is a parallelogram. 
RM and sermer.tr> x, y, and z are all parallel to PT 



Consider ^ KPT: 

Since z is parallel to PT, 
similar triangles are formed, 

Ci Z 

Hence ^ “PT 



Novj- :cnsider ^ 5PT: 

Since x is parallel to PT, 
similar triangles are formed. 

Hence ^ 




k-' 



From these two proportions, it is seen that x =■ z. 

Therefore, x - z =» 0. The fallacy occurs in step (lO), as division by zero is 
impossible. 
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TOPICS AND PROJECTS FOR INDIVIDUAL ENRICHMENT 

IN 

PLANE AND SOLID GEOMETRY 



Pupils should be able to do mathematics projects in plane and solid geometry. 

There are many reasons which can be advanced in favor of mathematics projects. 

They develop independent thinking and self-reliance in the pupils. 

They challenge the intellect and encourage gifted pupils to do outstanding 
work. 

They inspire pupils to study phases of mathematics not normally covered in the 
regular course. 

In general, projects should take the form of a mod 5I, a display or collection, an 
experiment, or an original piece of work. A new idea, an ingenious application of an 
old principle, or an unusual and attractive display of some advanced concept— all are 
high" ' desirable. 

The best projects are those that grow out. of t,ne interests of the pupils. Wnile the 

teacher may guide or suggest, the selection of the project should be determined H' 
the pupil. •*' 

The teacher should insist on projects of high quality. 

The criteria for judging mathematics projects, as suggested by Science Services is 
as follows: 



CREATIVE ABILITY - 30^ 



SCIENTIFIC THOUGHT - 30^ 
THOROUGHNESS - 10 % 

SKILL - 10 % 

CLARITY - 10 % 



Does the work show originality in Its 
approach? 

Judge originality without regard to 
the expense of the equipment purchased 
or borrowed. 

Give weight to clever use of materiaJ. 
and to collections if they serve a 
purpose. 

Is the project well organized? 

Is it accurate? 

How completely is the story told? 

It IS not essential that step-by- 
step details about the construction 
of the model be given. 

Is the workmanship good? 

Is the exhibit more attractive than 
others of the same nature? 

Will the average person understand 
what is being displayed? 

Are all labels and other descriptions 
clearly presented? 
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Is the OTil pr esent : : i.?n of the 
project to the clasc clear, well 
or.tanlzed, and understandable? 
Did the oral presentation awaken 
the interest of the c^ass? 



It is recorder dec the teacher schedule the projects to be der.onstratec? ever an 

ext'^rhod per:. *.n oJ : „r.e. 

F'erh.jps '^ete ~rr‘: r: Venus arranreir.ent can be effered tc rurils tc rubn:. their 

project: r'--. 

However, once a due date is given, it should be adhered to strictly^ 



The teacher should have available a wide selection of ideas and suggestions for projects. 
Wherever possible, source material in the form of books and pamphlets should be made 
available to the pupils. 

Below IS a list of cirrested topics fer pupil prejeetj. Mar."/ of tho topics a;ce «:^T.neral 
in nature anc: ,.e;.d ’■..hc-nso-.ves tc specialization 'A'lthir. a topic.. 

The list _o o: •‘C-.r-co incomplete and pupils should feel free r-o choose any appropriate 
topic >r a projcct 

It i: joggestoa that the teacher approve all choices of projects made by pupils before 
the work is begun 



References for topics and pro,'et?ts for pupil study will be found in the Bibliography 
section. 



Cutting squares 

A : liiit© geometry 

Three dimensional dominoes 

Duality in points and lines 

Geometry of the catenary and tractrix 

Desargue 3 theorem (both two- and three- limensional) 

Mathematics of crystals 

SratoF* *-«r'=*^’ measurement of the circumference of the '=»arth 

Model of (a + bi' 

Tangrams 

Optical Illusions 

Triangle of progressions 

The nine original postulates of Euclid 

On? and t-co point perspective 

Geometry jf bubbles and Liquid film 

Anaiyt.^c geometry 

fnells and geometric spirals 

Map co...>ring (the four color problem) 

Topology 



Mca 3ur e.T.en 1 of the distance to the moon by simple 
Primitive reometrjr taken from the Indians 



. 1 on. 



:>urcr 



t luimbers 



V _ 



6 O jL 1 G S 



T n e • pne r e omo t er 
Pj.ato 7 ii^ solid j 
Tne sextant 
?r.e Tower of Brihti 



mefry 
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Proof of Euler's Theorem 
The geometry of knots 
Feurbach’s theorem 

The trisection of an angle, duplication of a cube 

The conic sections 

Menelaus ' s theorem 

Ceva's theorem 

Geometric fallacies 

Brocard points used in aviation 

Non- Euclidean geometry 

Geometry of the sundial 

Surveying 

Macheronian geometr}’- 
Halstead ’ s rational geometry 
Archimedian polyhedra 
Complex polyhedra 
Duality of polyhedra 
Centroids 

Geometric paradoxes 
Hyperboloid of one sheet 
Hyperbolic paraboloid 

Spheroids, cylindroids, conoids, and ellipsoids 

Curve stitching 

Cycloids 

Different proofs of the ^rbhagorean theorem 
The golden section 
The study of pi 
Linkages 

Geometric foundations of the theory of relativity 

Locus in space 

Unusual locus problems 

Fourth- dimensional geometry 

Flatland 

Probability 

Geometry in aeronautics 
Geometry in astronomy 
Geometry in architecture 
Geometry in engineering 
Geometry in the home 
Geometry in art 

Geometry in automobile designing 

Navigation and navigational instruments 

Geometry of the slide rule 

Vector geometry 

Geometry of the infinite 

The Fibonacci series 

The Simson line 

Paper folding 

Construction of the pyramids of Efeypt 
Symmetry 

Symmetry in nature 



Mechanical models and teaching aids 
/ Geometric inequalities 

Geometric transformations 
Space geometries 

General quadric or ruled surfaces 

Conics as a project 

Conics as a locus 

Map projections 

Descriptive geometry 

Lissajous ' Cuirves 
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GLOSSARY 



•• A’=> 

acute 

- angle 

- triangle 
adjacent 

" angles 
” segments 
alternate 
“ exterior angles 
“ interior angles 
altitude 
angle 
apothem 
arc 
area 

' of a circle 

- a parallelogram 

- oi a rectangle 

- of a regular polygon 
• :. f a rhombus 

- of a sector 
” of a segment 
“ of a square 

“■ of a trapezoid 
“ of a triangle 
auxiliary lines 
axiom 

axis of a circle of a sphere 
aixis of a cone 
axis of a cylinder 

-B- 

base angles 
base 

“ of an isosceles triangle 

- of a trapezoid 
” of a triangle 

bast^'s 

= of a frustum of a pyramid 
of a truncated pyramid 
betweenness 

- of planes 

- of points 
“ of rays 

birectangular spherical triangle 

bisect 

bisector 

bisector 

° of an angle 
“ of a dihedral angle 
“ of a line segment 
broken line 



^C- 

Cavalieri's Theorem 
center of a regular polygon 
central angles of a regular polygon 
centroid 
chord 
circle 
circular 
' cone 
“ cylinder 
c ire umc enter 

circumference of a circle 
circumscribed 

- circle 

- polygon 

closed broken line 
collinear points 
common tangent 
complement 

complementary angles 
concave polygon 
concentric 
^ circles 

- spheres 
conclusion 
concurrent lines 
cone 

cone of revolution 
congruent 

- polygons 
cnangles 

conic sections 

construction 

contrapositive 

converse 

convex 

- polygon 

- polyhedron * 

coordinate 

coplanar 

corollarjt' 

correspr/idirg angles 
cube 

cylin.‘ j'r 

cy] /.ider of revolution 
D- 

decagon 

deductive reasoning 
defined terms 
definition 
determine 



261 



diagonal 

diameter 

of a circle 
“ of a sphere 
dihedral angle 
disjoint set 
distinct points 
dodecagon 
dodecahedron 
dome 
drawing 
A X 
y 

element 

ellipse 

Cfir.-t’r set 

eq’j;: l 

circles 
pca^\ gons 
• Svjtids 
- spheres 

equiangular polygon 
equiangular triangle 
equixaucral polygon 
equilateral triangle 
equation 
“ of a circle 
“ of a line 
Euler's Theorem 
exterior angles 
exterior of a circle 
exterior of a triangle 
externally tangent 
extremes 

^ Ef- 
face 

face angle 

face of a dihedral angle 
finite set 
frustum 
•” of a cone 
“• of a pyramid 

geometry 
great circle 



H- 

half- line 
half-plane 
half- space 
hemisphere 
heptagon 
heptadecagon 
Hero ■ s formula 
hexagon 

hexagonal prism 

hexahedron 

hyperbola 

hypotenuse 

hypothesis 

L 

icosahedron 
if- then statement 
implication 
incenter 

indirect reasoning 
inductive reasoning 
inequalities 

of t,he same order 
“ of the opposite order 
infinite set 
inscribed 
angle 
circle 

- polygon 
intercepted arc 
interior angles 
interior 

“ of an angle 
■■■ of a circle 
•“ of a polygon 

- of a solid 

of a triangle 
internally tangent 
intersection 

- of loci 

- of sets 
inverse 
isosceles 

- trapezoid 

- triangle 

• Ir 

lateral area 
” of a cone 
*’ of a cylinder 
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~ of a frustum of a cone 

- of a frustum of a pyramid 

- of a prism 

- of a pyramid 
lateral edge 
lateral face 
legs 

- of an isosceles triangle 

- of a right triangle 
length of a line segment 
limit 

line 

line of centers 
line segment 
locus 
lune 

major arc 

means 

measure 

- of an angle 

- of a dihedral angle 

- of a line segment 
“ of a surface 

median 

- of a trapezoid 

- of a triangle 
member of a set 
midpoint of a line segment 
minor arc 

-N- 

n-gon 

nappes 

non- Euclidean geometry 

nonagon 

null set 

- 0 - 

% 

oblique 

- cone 

- cylinder 

- prism 
obtuse 

- angle 

- triangle 
octagon 



octagonal prism 
octahedron 
cppjoite rays 
c rig in 
ortho center 

..p. 

parabola 

parallel 

- line^ 
planes 

parallelepiped 
parallelogram 
pentadecagon 
pentagon 
perimeter 
perpendicular 
• ^ines 

- planes 

perspective drawing 

pi (t. ' 

plane 

plane angle of a dihedral angle 

Pia t j ni c solids 

point 

pOj.ar 

- aistance 
• triangle 

poles of a circle of a sphere 
polygon 

pOj.yhedral angle 

polyhedron 

postulate 

prism 

prismatoid 

projection 

proportion 

proportional line segments 

proposition 

pseudospnere 

Pjr'-ramia 

Pythagorean Tneorem 

.Q. 

qiadr angular prism 
quadrant 

in coordinate geometry 
of a sphere 
quadrilateral 
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radius 

” of a circle 

- of a regular polygon 
“ of a sphere 

ratio 

ray- 

rectangle 

rectangular 

- prism 

- parallelepiped 
reflex angle 
regular 

- polygon 

“ polyhedron 
prism 

- pyramid 

rhombico sidodecahedron 

rhoruDcs 

righv. 

-- angle 

- cone 

“ c-'clinder 

- parallelepiped 
prism 

“ section 

spherical triangle 
right 

“ trapezoid 

- triangle 
rise 

run 

scalene triangle 
secant 

section of a solid 

sector of a circle 

segment of a circle 

semicircle 

set 

side 

“ of a polygon 

- of a triangle 
similar polygons 
slant height 

“ of a cone of revolution 

- of a regular pyramid 
slope of a line 

small circle 



space 
sphere 
spherical 
“ angle 

- cone 
degree 

- distance 
" excess 

" polygon 
“ pyramid 
sector 
“ solid 
• triangle 
‘ wedge 
square 
square 
■ pyramid 
root 
straight 

- angle 
•• line 

subset 

supplement 

supplementary angles 
syllogism 

tangent 

tangent 

circles 
spheres 
tetrahedron 
theorem 
total area 
-■ of a cone 

- of a cylinder 
~ of a prism 

- of a pyramid 
of a sphere 

transversal 
trapezium 
trapezoid 
triangle 
triangular 
prism 
“ pyramid 

trirectangular spherical triangle 
truncated pyramid 




264 








-u- 




unde fined terms 
unequal arcs 
union of sets 
unit 

of area 
-of volume 
universal set 



I 

j 



1 

] 



vertex 

vertex angles 
vertices of a polygon 
volume of a solid 



x-axis 

X-’ coordinate 
X- intercept 

„Y- 



y-axis 

y~ coordinate 
y- intercept 

-Z- 

zone 

- of a sphere 
•" of one base 
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